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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state

%̂�(G0

) =
e�� ˆH(G0)

Z(G
0

)
, (1)

where Z(G
0

) = Tr
n

e�� ˆH(G0)

o

is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G

0

),
yielding an eigenstate which we label

�

�E0

n

↵

. The driv-
ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
|E⌧

mi. Given the spectral decompositions of the initial
and final Hamiltonians, Ĥ(G

0

) =
P

n E
0

n

�

�E0

n

↵ ⌦

E0

n

�

� and

Ĥ(G⌧ ) =
P

m E⌧
m |E⌧

mi hE⌧
m|, respectively, the energy

di↵erence between the two outcomes E⌧
m � E0

n may be
interpreted as the work performed by the external driv-
ing in a single realization of the protocol. This particular
value of the work occurs with probability p0np

⌧
m|n, where

p0n = e��E0
n/Z(G

0

) keeps track of the initial thermal
statistics, while p⌧m|n = | hE⌧

m| Û⌧,0

�

�E0

n

↵ |2 embodies the
transition probability arising from the change of basis.
The work performed due to the protocol described above
can be characterized by a stochastic variable W following
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quantum fluctuation relations. Sec. III contains a de-
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%
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ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)

In quantum contexts: work is not an observable*
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
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as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
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.
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16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
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and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,
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FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,
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Research on the out-of-equilibrium dynamics of quan-
tum systems has so far produced important statements on
the thermodynamics of small systems undergoing quantum
mechanical evolutions [1,2]. Key examples are provided by
the Crooks and Jarzynski relations [3,4]: taking into
account fluctuations in nonequilibrium dynamics, such
relations connect equilibrium properties of thermodynam-
ical relevance with explicit nonequilibrium features.
Although the experimental study of such fundamental
relations in the classical domain has encountered consid-
erable success [5–9], their quantum mechanical versions
[10] require the assessment of the statistics of work
performed by or onto an evolving quantum system, a step
that has so far shown hurdles due to the practical difficulty
to perform reliable projective measurements of instanta-
neous energy states [2,11], which embodies a key exper-
imental challenge.
Albeit a few interesting proposals to overcome such

bottlenecks have been made [11,12], including an ingen-
ious calorimetric one [13], the experimental reconstruction
of the work statistics for a quantum protocol has so far
remained elusive. Recently, an alternative approach to this
problem has been devised, based on well-known interfero-
metric schemes of the estimation of phases in quantum
systems, which bypasses the necessity of direct projective
measurements on the instantaneous state for the system
[14,15] (see Ref. [16] for an interesting development of the
original proposal).
In this Letter we exploit such a scheme to study the out-

of-equilibrium thermodynamics of a spin-1=2 system
undergoing a closed quantum nonadiabatic evolution,
realized in a liquid-state nuclear magnetic resonance

(NMR) setup [17–22], and thus achieve sufficient infor-
mation to assess both the Tasaki-Crooks and Jarzynski
identities. To the best of our knowledge, our Letter reports
the first experimental assessment of fluctuation relations for
quantum dynamics.
Work statistics in the quantum domain.—When address-

ing quantum dynamics, the concept of work done by or on a
system needs to be reformulated [23] so as to include
ab initio both the inherent nondeterministic nature of
quantum evolution and the effects of quantum fluctuations.
In this sense, work acquires a meaning only as a statistical
variable W. In order to introduce the associated probability
distribution, let us consider a quantum system undergoing
a transformation that changes its Hamiltonian as Ĥð0Þ →
ĤðτÞ in a time τ. We refer to this as the forward
protocol, with corresponding distribution PFðWÞ ¼
P

n;mp
0
npτ

mjnδ½W − ðϵ̄m − ϵnÞ% [23]. We have introduced
the probability p0

n to find the system in the nth eigenstate
of Ĥð0Þ (with energy ϵn) at the start of the protocol,
and the transition probability pτ

m∣n to find it in the mth
eigenstate of ĤðτÞ (with energy ϵ̄m) at time τ if it
were in the nth state at initial time. One can then define
a backward protocol that implements the transformation
ĤðτÞ → Ĥð0Þwith an inverted control sequence. It is worth
mentioning that recent years have seen the proposal of
other formulations of quantum work that explicitly
bypass the two-time energy measurements illustrated
above [24].
While the initial state of the system can be arbitrary, in this

Letter wewill be concerned with initial thermal-equilibrium
states at a given temperature. Moreover, it is often conven-
ient to use the Fourier transform of the work distribution, or
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Figure 4. Quantification of the arrow of time. Average en-
tropy production h⌃i (dashed lines) evaluated through the probability
distribution P(⌃), and Kullback-Leibler divergence S

⇣
⇢F

t k ⇢B
⌧�t

⌘
be-

tween forward and backward states ⇢F
t and ⇢B

⌧�t (dots), reconstructed
through the tomographic measurements, as a function of time for
three different quench durations ⌧ = 100 µs (blue), 500 µs (green),
and 700 µs (red). Good agreement (within experimental uncertain-
ties represented respectively by errors bars and shadowed regions)
between the two quantities is observed, quantifying the arrow of time
Eq. (1).

entropy production h⌃i is distinct from its linear response ap-
proximation h⌃LRi, the difference being more pronounced for
fast quenches (small ⌧), as expected. Figure 5 thus clearly
demonstrates that the quenches implemented in the experi-
ment are performed in the nonlinear response regime. We ad-
ditionally mention that we achieve good agreement between
experimental data (dots) and numerical simulations (dashed
lines) (see Supplementary Material).

Let us finally discuss the physical origin of time asym-
metry in a closed quantum system. Using an argument
put forward by Loschmidt in the classical context, its time
evolution should in principle be fully reversible [1]. How
can then a unitary equation, like the Schrödinger equation,
lead to Eq. (1) that contains a strictly nonnegative relative
entropy? The answer to this puzzling question lies in the
observation that the description of physical processes re-
quires both equations of motion and initial conditions [1].
The choice of an initial thermal equilibrium state singles
out a particular value of the entropy, breaks time-reversal
invariance and thus leads to the arrow of time. The dynam-
ics can only be fully reversible for a genuine equilibrium
process for which the entropy production vanishes at all times.

Materials and Methods.
Experimental set-up. We use a liquid-state sample of 50 mg of 99%
13C-labeled CHCl3 (chloroform) diluted in 0.7 ml of 99.9% deutered
Acetone-d6, in a flame sealed Wildmad LabGlass 5 mm tube. The
measurements are carried out in a Varian 500 MHz Spectrometer us-
ing a double-resonance probe-head equipped with a magnetic field
gradient coil. We encode two qubits in the nuclear spins of 1H and

Figure 5. Nonlinear response regime. Mean entropy production
h⌃i (blue dots) and its linear response approximation h⌃LRi (green
dots) as a function of the quench time. The difference between the
two values, especially for fast quenches (small ⌧), demonstrates that
the experiment has been performed in the nonlinear response regime.
The dashed lines represent the results of numerical simulations.

13C in our molecular sample [5, 29, 30]. The 1H qubit is used as an
ancillary system for the reconstruction of the work and entropy pro-
duction statistics of the 13C quenched dynamics, applying the meth-
ods described in the Supporting Information. The chloroform sam-
ple can be regarded as a collection of identically prepared spin-1/2
systems [29]. The sample is placed in the presence of a longitudinal
static magnetic field (whose direction is taken to be along the positive
z axes) with strong intensity, B0 ⇡ 11.75 T. The 1H and 13C nuclear
spins precess around B0 with Larmor frequencies !H/2⇡ ⇡ 500 MHz
and !C/2⇡ ⇡ 125 MHz, respectively. We control the system mag-
netization through rf-field pulses in the transverse (x and y) direc-
tion [30]. The initial thermal state of the 13C nuclear spin is prepared
by suitable sequences of transversal rf-field and longitudinal field-
gradient pulses. We use the value kBT/h = 1.56± 0.07 kHz through-
out the experiment for the initial 13C nuclear spin thermal states.

The spin-lattice relaxation times, measured by inversion recovery
pulse sequence, are (T H

1 ,T C
1 ) ⇡ (7.36, 10.55) s. The transverse relax-

ation, obtained by CPMG pulse sequence, have characteristic times
(T H

2 ,T C
2 ) ⇡ (4.76, 0.33) s. The total data acquisition time involves

an interferometric strategy (described in the Supplementary Informa-
tion), which vary from 0.1 ms to about 126 ms, being smaller than
T H,C

1 . This enables us to disregard any energy exchange with the sys-
tem surround environment during the quench dynamics. The effects
of the Carbon transverse relaxation (T C

2 ) can be partially overcome
by a refocus strategy in the reconstruction procedure. It only limits
the resolution of the inverse Fourier transform employed to obtain
the distribution of entropy production shown in Fig. 3 (see Supple-
mentary Information).
Driving Hamiltonian. In a rotating frame at the spin Larmor fre-
quency, the Hamiltonian regulating the forward process (on the Car-
bon nuclear spin) is

HF
t = 2⇡~⌫ (t)

⇣
�C

x cos �(t) + �C
y sin �(t)

⌘
, (3)

with �C
x,y,z the Pauli spin operators, �(t) = ⇡t/(2⌧), and

⌫(t) = ⌫0 (1 � t/⌧) + ⌫⌧t/⌧ the (linear) modulation of the rf-field
frequency over time ⌧, from value ⌫0 = 1.0 kHz to ⌫⌧ = 1.8 kHz. The
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quency, the Hamiltonian regulating the forward process (on the Car-
bon nuclear spin) is

HF
t = 2⇡~⌫ (t)

⇣
�C

x cos �(t) + �C
y sin �(t)

⌘
, (3)

with �C
x,y,z the Pauli spin operators, �(t) = ⇡t/(2⌧), and

⌫(t) = ⌫0 (1 � t/⌧) + ⌫⌧t/⌧ the (linear) modulation of the rf-field
frequency over time ⌧, from value ⌫0 = 1.0 kHz to ⌫⌧ = 1.8 kHz. The
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three different quench durations ⌧ = 100 µs (blue), 500 µs (green),
and 700 µs (red). Good agreement (within experimental uncertain-
ties represented respectively by errors bars and shadowed regions)
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Driving Hamiltonian. In a rotating frame at the spin Larmor fre-
quency, the Hamiltonian regulating the forward process (on the Car-
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Research on the out-of-equilibrium dynamics of quan-
tum systems has so far produced important statements on
the thermodynamics of small systems undergoing quantum
mechanical evolutions [1,2]. Key examples are provided by
the Crooks and Jarzynski relations [3,4]: taking into
account fluctuations in nonequilibrium dynamics, such
relations connect equilibrium properties of thermodynam-
ical relevance with explicit nonequilibrium features.
Although the experimental study of such fundamental
relations in the classical domain has encountered consid-
erable success [5–9], their quantum mechanical versions
[10] require the assessment of the statistics of work
performed by or onto an evolving quantum system, a step
that has so far shown hurdles due to the practical difficulty
to perform reliable projective measurements of instanta-
neous energy states [2,11], which embodies a key exper-
imental challenge.
Albeit a few interesting proposals to overcome such

bottlenecks have been made [11,12], including an ingen-
ious calorimetric one [13], the experimental reconstruction
of the work statistics for a quantum protocol has so far
remained elusive. Recently, an alternative approach to this
problem has been devised, based on well-known interfero-
metric schemes of the estimation of phases in quantum
systems, which bypasses the necessity of direct projective
measurements on the instantaneous state for the system
[14,15] (see Ref. [16] for an interesting development of the
original proposal).
In this Letter we exploit such a scheme to study the out-

of-equilibrium thermodynamics of a spin-1=2 system
undergoing a closed quantum nonadiabatic evolution,
realized in a liquid-state nuclear magnetic resonance

(NMR) setup [17–22], and thus achieve sufficient infor-
mation to assess both the Tasaki-Crooks and Jarzynski
identities. To the best of our knowledge, our Letter reports
the first experimental assessment of fluctuation relations for
quantum dynamics.
Work statistics in the quantum domain.—When address-

ing quantum dynamics, the concept of work done by or on a
system needs to be reformulated [23] so as to include
ab initio both the inherent nondeterministic nature of
quantum evolution and the effects of quantum fluctuations.
In this sense, work acquires a meaning only as a statistical
variable W. In order to introduce the associated probability
distribution, let us consider a quantum system undergoing
a transformation that changes its Hamiltonian as Ĥð0Þ →
ĤðτÞ in a time τ. We refer to this as the forward
protocol, with corresponding distribution PFðWÞ ¼
P

n;mp
0
npτ

mjnδ½W − ðϵ̄m − ϵnÞ% [23]. We have introduced
the probability p0

n to find the system in the nth eigenstate
of Ĥð0Þ (with energy ϵn) at the start of the protocol,
and the transition probability pτ

m∣n to find it in the mth
eigenstate of ĤðτÞ (with energy ϵ̄m) at time τ if it
were in the nth state at initial time. One can then define
a backward protocol that implements the transformation
ĤðτÞ → Ĥð0Þwith an inverted control sequence. It is worth
mentioning that recent years have seen the proposal of
other formulations of quantum work that explicitly
bypass the two-time energy measurements illustrated
above [24].
While the initial state of the system can be arbitrary, in this

Letter wewill be concerned with initial thermal-equilibrium
states at a given temperature. Moreover, it is often conven-
ient to use the Fourier transform of the work distribution, or
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the ratio ηðWÞ ¼ PFðWÞ=PBð−WÞ and use it to verify the
Tasaki-Crooks relation ln ηðWÞ ¼ βðW − ΔFÞ, where
ΔF ¼ −ð1=βÞ lnðZτ=Z0Þ [26,27]. We plot the left-hand
side of this relation in Fig. 3(a), for four values of T. The
trend followed by the data associated with each pseudo-
temperature is in very good agreement with the expected
linear relation, thus confirming the predictions of the
Crooks theorem. The point at which ηðWÞ ¼ 1 can be
used to determine the value of ΔF experimentally. In
Fig. 3(b), we show β and ΔF, obtained from a linear fitting
according to the aforementioned strategy.
We can now investigate the Jarzynski identity at the

quantum regime. We use the formulation of the equality
he−βWi ¼ e−βΔF [3], where the average is taken over
PFðWÞ and is determined through the relation he−βWi ¼
χðu ¼ iβÞ, obtained by analytical continuation of the
characteristic function, based on the experimental data
on the transverse magnetization of the 1H nuclear spin.
Second, we use the linear fit of the Tasaki-Crooks relation,
thus combining forward and backward protocols. Finally,
we have calculated the theoretical expectation value of
the ratio Zτ=Z0 and have used the relation Zτ=Z0 ¼ e−βΔF

[26,27] to provide a theoretical benchmark for the
results obtained as described above. Figure 3(c) shows the
mutual agreement among these approaches, which
provide consistent results within the respective associated
uncertainties.
Conclusions.—We have explored experimentally the

statistics of work following a quasiunitary quantum

protocol in a spin-1=2 system using an ancilla-based
interferometric approach adapted to NMR technology.
Our experimental methodology has allowed us to address
fluctuation relations at the quantum level and to go
significantly beyond the current experimental state of the
art, which was previously constrained to the classical
domain. Despite addressing the finite-time thermodynam-
ics of a simple single particle, our results might inspire
further experimental endeavors towards the study of the
thermodynamics of out-of-equilibrium quantum systems.
In this respect, it will be particularly relevant to investigate
possible interesting extensions to the quantum many-body
context [27–29].
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FIG. 3 (color online). (a): The ratio PFðWÞ=PBð−WÞ is plotted
in logarithmic scale for four values of the spin pseudotemper-
ature. The data are determined using the values of PFðWÞ and
PBð−WÞ at the peaks shown in Figs. 2(c) and 2(d) and in
Ref [25]. (b): Mean values and uncertainties for ΔF and β
obtained using a linear fit of the data corresponding to T > 0 in
panel (a). The full red line represents the theoretical expectation,
ΔF ¼ ð1=βÞ ln ðcosh ðβν1Þ= cosh ðβν2ÞÞ. (c): We report the ex-
perimental values of the left- and right-hand sides of the Jarzynski
identity, measured for three choices of pseudotemperature,
together with the respective uncertainties. The experimental
results are compared to the theoretical predictions for lnðZτ=Z0Þ.
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Figure 2. Reconstruction of the state of the system. a, (b), Evo-
lution of the Bloch vector of the forward (backward) spin-1/2 state
⇢F

t (⇢B
⌧�t) during a quench of the transverse magnetic field, obtained

via quantum state tomography. A sampling of 21 intermediate steps
has been used. The initial magnetization (gray arrow) is parallel to
the external driven rf-field, aligned along positive x (y) axis for the
forward (backward) process. The final state is represented as a red
(blue) arrow. c, Polar projection (indicating only the magnetization
direction) of the Bloch sphere with the trajectories of the spin. Green
lines represent the path followed in a quasistatic (⌧! 1) process.

tions of the quantum work W along single realizations. It
holds for any driving protocol, even beyond the linear re-
sponse regime, and is a generalization of the second law to
which it reduces on average, h⌃i = �(hWi � �F) � 0.

We experimentally verify the arrow of time expressed by
Eq. (1) by determining both sides of the equation indepen-
dently. We first evaluate the Kullback-Leibler relative entropy
between forward and backward dynamics by tracking the state
of the spin-1/2 at any time t with the help of quantum state to-
mography [5]. Figure 2 shows reconstructed trajectories fol-
lowed by the Bloch vector, for both forward and backward
processes, for different quench times. As a second step, we
measure the probability distribution P(⌃) of the irreversible
entropy production using the Tasaki-Crooks relation (2). Em-
ploying NMR spectroscopy [5] and the method described in
refs. [23, 27, 28] (see Supporting Information), we determine
the forward and backward work distributions, PF,B(W), from
which we extract �, W and �F, and hence the entropy pro-

Figure 3. Distribution of irreversible entropy production. Black
dots represent the measured negative and positive values of the en-
tropy production ⌃ of the spin-1/2 system after a quench of the trans-
verse magnetic field of duration ⌧ = 100 µs. The mean entropy pro-
duction (red dashed line) is positive in agreement with the second
law.

duced during each process. The measured nonequilibrium en-
tropy distribution is shown in Fig. 3. It is discrete as expected
for a quantum system. We further observe that both positive
and negative values occur owing to the stochastic nature of
the problem. However, the mean entropy production is posi-
tive (red line) in full agreement with the Clausius inequality,
h⌃i � 0, for an isolated system. We have thus directly tested
one of the fundamental expressions of the second law of ther-
modynamics at the level of an isolated quantum system [3].

A comparison of the mean entropy production with the
Kullback-Leibler relative entropy between forward and back-
ward states is displayed in Fig. 4 as a function of the quench
time. We observe good agreement between the two quantities
within experimental errors that are due to inhomogeneities in
the driving rf-field and to non-idealities of the field modula-
tion. These results provide a first experimental confirmation
of Eq. (1) and the direct verification of the thermodynamic
arrow of time in a driven quantum system. They quantify in
a precise manner the intuitive notion that the faster a system
is driven away from thermal equilibrium (i.e. the bigger the
mean entropy production / the shorter the driving time ⌧), the
larger the degree of irreversibility, as measured by the relative
entropy between a process and its time reverse.

In the linear response regime [3], Onsager has derived
generic expressions for the entropy production which form the
backbone of standard nonequilibrium thermodynamics. These
results are, however, limited to systems that are driven close to
thermal equilibrium. By contrast, Eq. (1) holds for any driv-
ing protocol and thus arbitrarily far from equilibrium. In order
to check the general validity of Eq. (1), we use the linear re-
sponse (LR) approximation of the mean work [17], hWLRi =
�F + ��W2/2, where �W2 is the variance of the work, to ob-
tain the mean entropy production h⌃LRi = �2�W2/2. Figure 5
shows the experimental values of h⌃i and h⌃LRi as a function
of the quench duration. We note that the measured irreversible

2

Irreversibility is one of the most intriguing concepts
in physics. While microscopic physical laws are per-
fectly reversible, macroscopic average behavior has a
preferred direction of time. According to the second law
of thermodynamics, this arrow of time is associated with a
positive mean entropy production. Using an NMR setup,
we measure the nonequilibrium entropy produced in an
isolated spin-1/2 system following fast quenches of an
external magnetic field and experimentally demonstrate
that it is equal to the entropic distance, expressed by
the Kullback-Leibler divergence, between a microscopic
process and its time-reverse. This result provides a mi-
croscopic foundation of irreversibility beyond the linear
response regime and quantifies the physical origin of the
arrow of time in a quantum setting.

The microscopic laws of classical and quantum mechanics
are time symmetric, and hence reversible. However, paradox-
ically, macroscopic phenomena are not time-reversal invariant
[1, 2]. This fundamental asymmetry defines a preferred direc-
tion of time that is characterized by a mean entropy produc-
tion that, regardless of the details and nature of the evolution
at hand, is bound to be positive by the second law of thermo-
dynamics [3]. Since its introduction by Eddington in 1927 [4],
the thermodynamic arrow of time has not been tested experi-
mentally at the level of a quantum system.

Introduced by Clausius in the form of an uncompensated
heat, the importance of the entropy production in nonequilib-
rium statistical physics has been recognized by Onsager and
further developed by Meixner, de Groot and Prigogine [6].
Defined as ⌃ = �(W � �F), for a system at constant inverse
temperature � = 1/(kBT ), where W is the total work done on
the system and �F the free energy difference (kB is the Boltz-
mann constant), it plays an essential role in the evaluation of
the efficiency of thermal machines, from molecular motors to
car engines [3].

Starting with Boltzmann’s work on the so-called H-
theorem, the quest for a general microscopic expression for
the entropy production, especially far from equilibrium, has
been a challenge for more than a century [1]. In the last years,
formulas for the entropy production and entropy production
rate in terms of the microscopic density operator ⇢ of the sys-
tem have been obtained for relaxation [7], transport [8], and
driven processes in closed and open quantum systems [9, 10].
At the same time, the recent development of fluctuation the-
orems [11, 12] has led to a sharpening of the formulation of
the second law. In small systems, thermal and quantum fluc-
tuations are both significant, and fluctuation theorems quan-
tify the occurrence of negative entropy production events dur-
ing individual processes [13]. In particular, the average en-
tropy production has been related to the Kullback-Leibler rel-
ative entropy between states ⇢F

t and ⇢B
⌧�t along the forward and

backward (i.e. time reversed) dynamics [14–16] (see Fig. 1),

h⌃i = S
⇣
⇢F

t k ⇢B
⌧�t

⌘
= tr
h
⇢F

t

⇣
ln ⇢F

t � ln ⇢B
⌧�t

⌘i
. (1)

The above equation quantifies irreversibility at the micro-
scopic quantum level and for the most general dynamical pro-
cess responsible for the evolution of a driven closed system.

A process is thus reversible, h⌃i = 0, if forward and backward
microscopic dynamics are undistinguishable. Nonequilibrium
entropy production and its fluctuations have been measured
in various classical systems, ranging from biomolecules [17]
and colloidal particles [18] to levitated nanoparticles [19] (see
refs. [20, 21] for a review). Evidence for time asymmetry has
been further observed for a driven classical Brownian particle
and its electrical counterpart [22]. However, quantum experi-
ments have remained elusive so far, owing to the difficulty to
measure thermodynamic quantities in the quantum regime. To
date, Eq. (1) has thus never been tested.

In order to investigate the physical origin of irreversibil-
ity, we consider a nuclear spin-1/2 system (13C in a chloro-
form molecule liquid sample), initially prepared in a thermal
state ⇢eq

0 at inverse temperature �. The system is driven out
of equilibrium to the state ⇢F

⌧ by a fast quench of its Hamilto-
nian (denoted asHF

t in this forward process) lasting a time ⌧.
We experimentally realize this quench by a transverse time-
modulated radio-frequency (rf) field set at the frequency of
the nuclear spin (see Materials and Methods). We study pro-
cesses of maximal duration ⌧ ⇠ 10�4s, which is much shorter
than any relevant decoherence time of the system (a few sec-
onds). The dynamics of the spin is therefore unitary to a very
good degree of accuracy. We implement the backward pro-
cess, shown in Fig. 1, by driving the system with the time-
reversed Hamiltonian,HB

t = HF
⌧�t, from the equilibrium state,

⇢eq
⌧ = exp(��HF

⌧ )/Z⌧, that corresponds to the final Hamil-
tonian HF

⌧ (Zt here denotes the partition function at time t).
Work is performed on the system during forward and back-
ward processes. The corresponding probability distributions,
PF,B(W), are related via the Tasaki-Crooks fluctuation relation
[24–26]

PF (W) /PB (�W) = e�(W��F). (2)

Equation (2) characterizes the positive and negative fluctua-

Figure 1. Evolution along forward and backward processes. A
quantum system (with Hamiltonian HF

0 ) is initially prepared in a
thermal state ⇢eq

0 at inverse temperature �. It is driven by a fast quench
into the nonequilibrium state ⇢F

⌧ along a forward protocol described
by the Hamiltonian HF

t . In the backward process, the system starts
in the equilibrium state ⇢eq

⌧ corresponding to the final Hamiltonian
HF
⌧ and is driven by the time-reversed HamiltonianHB

t = HF
⌧�t to ⇢B

⌧ .
The entropy production h⌃i at time t is given by the Kullback-Leibler
divergence between forward and backward states ⇢F

t and ⇢B
⌧�t, Eq. (1).
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tem have been obtained for relaxation [7], transport [8], and
driven processes in closed and open quantum systems [9, 10].
At the same time, the recent development of fluctuation the-
orems [11, 12] has led to a sharpening of the formulation of
the second law. In small systems, thermal and quantum fluc-
tuations are both significant, and fluctuation theorems quan-
tify the occurrence of negative entropy production events dur-
ing individual processes [13]. In particular, the average en-
tropy production has been related to the Kullback-Leibler rel-
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The above equation quantifies irreversibility at the micro-
scopic quantum level and for the most general dynamical pro-
cess responsible for the evolution of a driven closed system.

A process is thus reversible, h⌃i = 0, if forward and backward
microscopic dynamics are undistinguishable. Nonequilibrium
entropy production and its fluctuations have been measured
in various classical systems, ranging from biomolecules [17]
and colloidal particles [18] to levitated nanoparticles [19] (see
refs. [20, 21] for a review). Evidence for time asymmetry has
been further observed for a driven classical Brownian particle
and its electrical counterpart [22]. However, quantum experi-
ments have remained elusive so far, owing to the difficulty to
measure thermodynamic quantities in the quantum regime. To
date, Eq. (1) has thus never been tested.

In order to investigate the physical origin of irreversibil-
ity, we consider a nuclear spin-1/2 system (13C in a chloro-
form molecule liquid sample), initially prepared in a thermal
state ⇢eq

0 at inverse temperature �. The system is driven out
of equilibrium to the state ⇢F

⌧ by a fast quench of its Hamilto-
nian (denoted asHF

t in this forward process) lasting a time ⌧.
We experimentally realize this quench by a transverse time-
modulated radio-frequency (rf) field set at the frequency of
the nuclear spin (see Materials and Methods). We study pro-
cesses of maximal duration ⌧ ⇠ 10�4s, which is much shorter
than any relevant decoherence time of the system (a few sec-
onds). The dynamics of the spin is therefore unitary to a very
good degree of accuracy. We implement the backward pro-
cess, shown in Fig. 1, by driving the system with the time-
reversed Hamiltonian,HB

t = HF
⌧�t, from the equilibrium state,

⇢eq
⌧ = exp(��HF

⌧ )/Z⌧, that corresponds to the final Hamil-
tonian HF

⌧ (Zt here denotes the partition function at time t).
Work is performed on the system during forward and back-
ward processes. The corresponding probability distributions,
PF,B(W), are related via the Tasaki-Crooks fluctuation relation
[24–26]

PF (W) /PB (�W) = e�(W��F). (2)

Equation (2) characterizes the positive and negative fluctua-
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The entropy production h⌃i at time t is given by the Kullback-Leibler
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Figure 4. Quantification of the arrow of time. Average en-
tropy production h⌃i (dashed lines) evaluated through the probability
distribution P(⌃), and Kullback-Leibler divergence S

⇣
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⌧�t

⌘
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tween forward and backward states ⇢F
t and ⇢B

⌧�t (dots), reconstructed
through the tomographic measurements, as a function of time for
three different quench durations ⌧ = 100 µs (blue), 500 µs (green),
and 700 µs (red). Good agreement (within experimental uncertain-
ties represented respectively by errors bars and shadowed regions)
between the two quantities is observed, quantifying the arrow of time
Eq. (1).

entropy production h⌃i is distinct from its linear response ap-
proximation h⌃LRi, the difference being more pronounced for
fast quenches (small ⌧), as expected. Figure 5 thus clearly
demonstrates that the quenches implemented in the experi-
ment are performed in the nonlinear response regime. We ad-
ditionally mention that we achieve good agreement between
experimental data (dots) and numerical simulations (dashed
lines) (see Supplementary Material).

Let us finally discuss the physical origin of time asym-
metry in a closed quantum system. Using an argument
put forward by Loschmidt in the classical context, its time
evolution should in principle be fully reversible [1]. How
can then a unitary equation, like the Schrödinger equation,
lead to Eq. (1) that contains a strictly nonnegative relative
entropy? The answer to this puzzling question lies in the
observation that the description of physical processes re-
quires both equations of motion and initial conditions [1].
The choice of an initial thermal equilibrium state singles
out a particular value of the entropy, breaks time-reversal
invariance and thus leads to the arrow of time. The dynam-
ics can only be fully reversible for a genuine equilibrium
process for which the entropy production vanishes at all times.

Materials and Methods.
Experimental set-up. We use a liquid-state sample of 50 mg of 99%
13C-labeled CHCl3 (chloroform) diluted in 0.7 ml of 99.9% deutered
Acetone-d6, in a flame sealed Wildmad LabGlass 5 mm tube. The
measurements are carried out in a Varian 500 MHz Spectrometer us-
ing a double-resonance probe-head equipped with a magnetic field
gradient coil. We encode two qubits in the nuclear spins of 1H and

Figure 5. Nonlinear response regime. Mean entropy production
h⌃i (blue dots) and its linear response approximation h⌃LRi (green
dots) as a function of the quench time. The difference between the
two values, especially for fast quenches (small ⌧), demonstrates that
the experiment has been performed in the nonlinear response regime.
The dashed lines represent the results of numerical simulations.

13C in our molecular sample [5, 29, 30]. The 1H qubit is used as an
ancillary system for the reconstruction of the work and entropy pro-
duction statistics of the 13C quenched dynamics, applying the meth-
ods described in the Supporting Information. The chloroform sam-
ple can be regarded as a collection of identically prepared spin-1/2
systems [29]. The sample is placed in the presence of a longitudinal
static magnetic field (whose direction is taken to be along the positive
z axes) with strong intensity, B0 ⇡ 11.75 T. The 1H and 13C nuclear
spins precess around B0 with Larmor frequencies !H/2⇡ ⇡ 500 MHz
and !C/2⇡ ⇡ 125 MHz, respectively. We control the system mag-
netization through rf-field pulses in the transverse (x and y) direc-
tion [30]. The initial thermal state of the 13C nuclear spin is prepared
by suitable sequences of transversal rf-field and longitudinal field-
gradient pulses. We use the value kBT/h = 1.56± 0.07 kHz through-
out the experiment for the initial 13C nuclear spin thermal states.

The spin-lattice relaxation times, measured by inversion recovery
pulse sequence, are (T H

1 ,T C
1 ) ⇡ (7.36, 10.55) s. The transverse relax-

ation, obtained by CPMG pulse sequence, have characteristic times
(T H

2 ,T C
2 ) ⇡ (4.76, 0.33) s. The total data acquisition time involves

an interferometric strategy (described in the Supplementary Informa-
tion), which vary from 0.1 ms to about 126 ms, being smaller than
T H,C

1 . This enables us to disregard any energy exchange with the sys-
tem surround environment during the quench dynamics. The effects
of the Carbon transverse relaxation (T C

2 ) can be partially overcome
by a refocus strategy in the reconstruction procedure. It only limits
the resolution of the inverse Fourier transform employed to obtain
the distribution of entropy production shown in Fig. 3 (see Supple-
mentary Information).
Driving Hamiltonian. In a rotating frame at the spin Larmor fre-
quency, the Hamiltonian regulating the forward process (on the Car-
bon nuclear spin) is

HF
t = 2⇡~⌫ (t)

⇣
�C

x cos �(t) + �C
y sin �(t)

⌘
, (3)

with �C
x,y,z the Pauli spin operators, �(t) = ⇡t/(2⌧), and

⌫(t) = ⌫0 (1 � t/⌧) + ⌫⌧t/⌧ the (linear) modulation of the rf-field
frequency over time ⌧, from value ⌫0 = 1.0 kHz to ⌫⌧ = 1.8 kHz. The
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Figure 2. Reconstruction of the state of the system. a, (b), Evo-
lution of the Bloch vector of the forward (backward) spin-1/2 state
⇢F

t (⇢B
⌧�t) during a quench of the transverse magnetic field, obtained

via quantum state tomography. A sampling of 21 intermediate steps
has been used. The initial magnetization (gray arrow) is parallel to
the external driven rf-field, aligned along positive x (y) axis for the
forward (backward) process. The final state is represented as a red
(blue) arrow. c, Polar projection (indicating only the magnetization
direction) of the Bloch sphere with the trajectories of the spin. Green
lines represent the path followed in a quasistatic (⌧! 1) process.

tions of the quantum work W along single realizations. It
holds for any driving protocol, even beyond the linear re-
sponse regime, and is a generalization of the second law to
which it reduces on average, h⌃i = �(hWi � �F) � 0.

We experimentally verify the arrow of time expressed by
Eq. (1) by determining both sides of the equation indepen-
dently. We first evaluate the Kullback-Leibler relative entropy
between forward and backward dynamics by tracking the state
of the spin-1/2 at any time t with the help of quantum state to-
mography [5]. Figure 2 shows reconstructed trajectories fol-
lowed by the Bloch vector, for both forward and backward
processes, for different quench times. As a second step, we
measure the probability distribution P(⌃) of the irreversible
entropy production using the Tasaki-Crooks relation (2). Em-
ploying NMR spectroscopy [5] and the method described in
refs. [23, 27, 28] (see Supporting Information), we determine
the forward and backward work distributions, PF,B(W), from
which we extract �, W and �F, and hence the entropy pro-

Figure 3. Distribution of irreversible entropy production. Black
dots represent the measured negative and positive values of the en-
tropy production ⌃ of the spin-1/2 system after a quench of the trans-
verse magnetic field of duration ⌧ = 100 µs. The mean entropy pro-
duction (red dashed line) is positive in agreement with the second
law.

duced during each process. The measured nonequilibrium en-
tropy distribution is shown in Fig. 3. It is discrete as expected
for a quantum system. We further observe that both positive
and negative values occur owing to the stochastic nature of
the problem. However, the mean entropy production is posi-
tive (red line) in full agreement with the Clausius inequality,
h⌃i � 0, for an isolated system. We have thus directly tested
one of the fundamental expressions of the second law of ther-
modynamics at the level of an isolated quantum system [3].

A comparison of the mean entropy production with the
Kullback-Leibler relative entropy between forward and back-
ward states is displayed in Fig. 4 as a function of the quench
time. We observe good agreement between the two quantities
within experimental errors that are due to inhomogeneities in
the driving rf-field and to non-idealities of the field modula-
tion. These results provide a first experimental confirmation
of Eq. (1) and the direct verification of the thermodynamic
arrow of time in a driven quantum system. They quantify in
a precise manner the intuitive notion that the faster a system
is driven away from thermal equilibrium (i.e. the bigger the
mean entropy production / the shorter the driving time ⌧), the
larger the degree of irreversibility, as measured by the relative
entropy between a process and its time reverse.

In the linear response regime [3], Onsager has derived
generic expressions for the entropy production which form the
backbone of standard nonequilibrium thermodynamics. These
results are, however, limited to systems that are driven close to
thermal equilibrium. By contrast, Eq. (1) holds for any driv-
ing protocol and thus arbitrarily far from equilibrium. In order
to check the general validity of Eq. (1), we use the linear re-
sponse (LR) approximation of the mean work [17], hWLRi =
�F + ��W2/2, where �W2 is the variance of the work, to ob-
tain the mean entropy production h⌃LRi = �2�W2/2. Figure 5
shows the experimental values of h⌃i and h⌃LRi as a function
of the quench duration. We note that the measured irreversible
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Figure 2. Reconstruction of the state of the system. a, (b), Evo-
lution of the Bloch vector of the forward (backward) spin-1/2 state
⇢F

t (⇢B
⌧�t) during a quench of the transverse magnetic field, obtained

via quantum state tomography. A sampling of 21 intermediate steps
has been used. The initial magnetization (gray arrow) is parallel to
the external driven rf-field, aligned along positive x (y) axis for the
forward (backward) process. The final state is represented as a red
(blue) arrow. c, Polar projection (indicating only the magnetization
direction) of the Bloch sphere with the trajectories of the spin. Green
lines represent the path followed in a quasistatic (⌧! 1) process.

tions of the quantum work W along single realizations. It
holds for any driving protocol, even beyond the linear re-
sponse regime, and is a generalization of the second law to
which it reduces on average, h⌃i = �(hWi � �F) � 0.

We experimentally verify the arrow of time expressed by
Eq. (1) by determining both sides of the equation indepen-
dently. We first evaluate the Kullback-Leibler relative entropy
between forward and backward dynamics by tracking the state
of the spin-1/2 at any time t with the help of quantum state to-
mography [5]. Figure 2 shows reconstructed trajectories fol-
lowed by the Bloch vector, for both forward and backward
processes, for different quench times. As a second step, we
measure the probability distribution P(⌃) of the irreversible
entropy production using the Tasaki-Crooks relation (2). Em-
ploying NMR spectroscopy [5] and the method described in
refs. [23, 27, 28] (see Supporting Information), we determine
the forward and backward work distributions, PF,B(W), from
which we extract �, W and �F, and hence the entropy pro-

Figure 3. Distribution of irreversible entropy production. Black
dots represent the measured negative and positive values of the en-
tropy production ⌃ of the spin-1/2 system after a quench of the trans-
verse magnetic field of duration ⌧ = 100 µs. The mean entropy pro-
duction (red dashed line) is positive in agreement with the second
law.

duced during each process. The measured nonequilibrium en-
tropy distribution is shown in Fig. 3. It is discrete as expected
for a quantum system. We further observe that both positive
and negative values occur owing to the stochastic nature of
the problem. However, the mean entropy production is posi-
tive (red line) in full agreement with the Clausius inequality,
h⌃i � 0, for an isolated system. We have thus directly tested
one of the fundamental expressions of the second law of ther-
modynamics at the level of an isolated quantum system [3].

A comparison of the mean entropy production with the
Kullback-Leibler relative entropy between forward and back-
ward states is displayed in Fig. 4 as a function of the quench
time. We observe good agreement between the two quantities
within experimental errors that are due to inhomogeneities in
the driving rf-field and to non-idealities of the field modula-
tion. These results provide a first experimental confirmation
of Eq. (1) and the direct verification of the thermodynamic
arrow of time in a driven quantum system. They quantify in
a precise manner the intuitive notion that the faster a system
is driven away from thermal equilibrium (i.e. the bigger the
mean entropy production / the shorter the driving time ⌧), the
larger the degree of irreversibility, as measured by the relative
entropy between a process and its time reverse.

In the linear response regime [3], Onsager has derived
generic expressions for the entropy production which form the
backbone of standard nonequilibrium thermodynamics. These
results are, however, limited to systems that are driven close to
thermal equilibrium. By contrast, Eq. (1) holds for any driv-
ing protocol and thus arbitrarily far from equilibrium. In order
to check the general validity of Eq. (1), we use the linear re-
sponse (LR) approximation of the mean work [17], hWLRi =
�F + ��W2/2, where �W2 is the variance of the work, to ob-
tain the mean entropy production h⌃LRi = �2�W2/2. Figure 5
shows the experimental values of h⌃i and h⌃LRi as a function
of the quench duration. We note that the measured irreversible
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lution of the Bloch vector of the forward (backward) spin-1/2 state
⇢F

t (⇢B
⌧�t) during a quench of the transverse magnetic field, obtained

via quantum state tomography. A sampling of 21 intermediate steps
has been used. The initial magnetization (gray arrow) is parallel to
the external driven rf-field, aligned along positive x (y) axis for the
forward (backward) process. The final state is represented as a red
(blue) arrow. c, Polar projection (indicating only the magnetization
direction) of the Bloch sphere with the trajectories of the spin. Green
lines represent the path followed in a quasistatic (⌧! 1) process.

tions of the quantum work W along single realizations. It
holds for any driving protocol, even beyond the linear re-
sponse regime, and is a generalization of the second law to
which it reduces on average, h⌃i = �(hWi � �F) � 0.

We experimentally verify the arrow of time expressed by
Eq. (1) by determining both sides of the equation indepen-
dently. We first evaluate the Kullback-Leibler relative entropy
between forward and backward dynamics by tracking the state
of the spin-1/2 at any time t with the help of quantum state to-
mography [5]. Figure 2 shows reconstructed trajectories fol-
lowed by the Bloch vector, for both forward and backward
processes, for different quench times. As a second step, we
measure the probability distribution P(⌃) of the irreversible
entropy production using the Tasaki-Crooks relation (2). Em-
ploying NMR spectroscopy [5] and the method described in
refs. [23, 27, 28] (see Supporting Information), we determine
the forward and backward work distributions, PF,B(W), from
which we extract �, W and �F, and hence the entropy pro-

Figure 3. Distribution of irreversible entropy production. Black
dots represent the measured negative and positive values of the en-
tropy production ⌃ of the spin-1/2 system after a quench of the trans-
verse magnetic field of duration ⌧ = 100 µs. The mean entropy pro-
duction (red dashed line) is positive in agreement with the second
law.

duced during each process. The measured nonequilibrium en-
tropy distribution is shown in Fig. 3. It is discrete as expected
for a quantum system. We further observe that both positive
and negative values occur owing to the stochastic nature of
the problem. However, the mean entropy production is posi-
tive (red line) in full agreement with the Clausius inequality,
h⌃i � 0, for an isolated system. We have thus directly tested
one of the fundamental expressions of the second law of ther-
modynamics at the level of an isolated quantum system [3].

A comparison of the mean entropy production with the
Kullback-Leibler relative entropy between forward and back-
ward states is displayed in Fig. 4 as a function of the quench
time. We observe good agreement between the two quantities
within experimental errors that are due to inhomogeneities in
the driving rf-field and to non-idealities of the field modula-
tion. These results provide a first experimental confirmation
of Eq. (1) and the direct verification of the thermodynamic
arrow of time in a driven quantum system. They quantify in
a precise manner the intuitive notion that the faster a system
is driven away from thermal equilibrium (i.e. the bigger the
mean entropy production / the shorter the driving time ⌧), the
larger the degree of irreversibility, as measured by the relative
entropy between a process and its time reverse.

In the linear response regime [3], Onsager has derived
generic expressions for the entropy production which form the
backbone of standard nonequilibrium thermodynamics. These
results are, however, limited to systems that are driven close to
thermal equilibrium. By contrast, Eq. (1) holds for any driv-
ing protocol and thus arbitrarily far from equilibrium. In order
to check the general validity of Eq. (1), we use the linear re-
sponse (LR) approximation of the mean work [17], hWLRi =
�F + ��W2/2, where �W2 is the variance of the work, to ob-
tain the mean entropy production h⌃LRi = �2�W2/2. Figure 5
shows the experimental values of h⌃i and h⌃LRi as a function
of the quench duration. We note that the measured irreversible
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Figure 1: NMR pulse-sequence for the reconstruction of the work characteristic functions �

F (u) and �

B (u). a,
Sequence for the forward process (↵ = 0). b, Sequence for the backward process (↵ = ⌧). We start from the pseudo-pure state
|0iHh0|⌦ ⇢

eq
↵ . The blue (red) circles represent transverse rf-pulses in the x (y) direction that produce rotations by the displayed

angle. The orange connections represent free evolutions under the scalar interaction, HJ = 2⇡J�H
z �

C
z (with J ⇡ 215.1 Hz),

during the time displayed above each connection. This time-length of the coupling is varied as function of s, which is related
to the conjugate variable u in Eq. (2) as s = 2⇡⌫0u.

one. Controlled-unitary operations are performed using
the natural scalar coupling interaction H

J

= 2⇡J�H
z

�C
z

,
which is proportional to �C

z

, while the initial and final
Hamiltonians HF

0 and HF
⌧

in the forward protocol are
proportional to �C

y

and �C
x

, respectively. This is com-
pensated by the rotations inside the green boxes of fig.
1. Such rotations also account for the fact that the initial
state was prepared in the �C

z

-basis. The same reasoning
is applied in the backward case. The purple boxes in
fig. 1 are a refocus strategy to mitigate the effects of the
transverse relaxation. The quenched dynamics is a conse-
quence of a suitable modulation (amplitude and phase)
of a transverse rf field, which can be described by the
Hamiltonian in Eq. (1) for the forward protocol. The fi-
nal step of the algorithm is the measurement of the free
induced decay (FID) signal of the Hydrogen nuclear spin.
From this signal one can obtain the transverse magneti-
zation, where the characteristic function is encoded as
�F,B (u) = 2

⌦
�H
x

↵
+ 2i

⌦
�H
y

↵
. Application of an inverse

Fourier transform allows us to obtain the work distribu-
tion for the quenched dynamics.

We have measured several experimental configurations,
keeping fixed the initial spin temperature (given by the
weights peq,0(⌧)

n

of the initial Carbon population), and
varying the quench type (forward or backward) and the
quench duration. For each configuration, the interaction
time s of the free evolution under the scalar coupling
in fig. 1 was varied through 360 equally-spaced values;
each realisation corresponds to an independent experi-
ment with an average over a set of identical and inde-
pendent molecules.

A typical output of the characteristic function re-
construction algorithm is shown in fig. 2a, where each

Figure 2: Typical output of the interferometric circuit

shown in fig. 1, for a forward quench of time-length

⌧ = 100µs. a, Blue and red symbols (lines) correspond to the
real and imaginary parts of the characteristic function �

F (u)
(where u = (2⇡⌫0)

�1
s), i.e., the experimentally measured x

and y components of the 1H transverse magnetization dis-
played in arbitrary units (a. u.), as function of the adimen-
sional parameter s. b, Work distribution P

F(W ) obtained
from the inverse Fourier transform of the the characteristic
function. c and d, Same as panels a and b, but after sub-
tracting the noise in the Fourier analyses.

data point corresponds to an independent experiment
for each scalar interaction parameter s. The in-
verse Fourier transform of the transverse magnetiza-
tion (the work distribution PF(W )) is displayed in
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Figure 2. Reconstruction of the state of the system. a, (b), Evo-
lution of the Bloch vector of the forward (backward) spin-1/2 state
⇢F

t (⇢B
⌧�t) during a quench of the transverse magnetic field, obtained

via quantum state tomography. A sampling of 21 intermediate steps
has been used. The initial magnetization (gray arrow) is parallel to
the external driven rf-field, aligned along positive x (y) axis for the
forward (backward) process. The final state is represented as a red
(blue) arrow. c, Polar projection (indicating only the magnetization
direction) of the Bloch sphere with the trajectories of the spin. Green
lines represent the path followed in a quasistatic (⌧! 1) process.

tions of the quantum work W along single realizations. It
holds for any driving protocol, even beyond the linear re-
sponse regime, and is a generalization of the second law to
which it reduces on average, h⌃i = �(hWi � �F) � 0.

We experimentally verify the arrow of time expressed by
Eq. (1) by determining both sides of the equation indepen-
dently. We first evaluate the Kullback-Leibler relative entropy
between forward and backward dynamics by tracking the state
of the spin-1/2 at any time t with the help of quantum state to-
mography [5]. Figure 2 shows reconstructed trajectories fol-
lowed by the Bloch vector, for both forward and backward
processes, for different quench times. As a second step, we
measure the probability distribution P(⌃) of the irreversible
entropy production using the Tasaki-Crooks relation (2). Em-
ploying NMR spectroscopy [5] and the method described in
refs. [23, 27, 28] (see Supporting Information), we determine
the forward and backward work distributions, PF,B(W), from
which we extract �, W and �F, and hence the entropy pro-

Figure 3. Distribution of irreversible entropy production. Black
dots represent the measured negative and positive values of the en-
tropy production ⌃ of the spin-1/2 system after a quench of the trans-
verse magnetic field of duration ⌧ = 100 µs. The mean entropy pro-
duction (red dashed line) is positive in agreement with the second
law.

duced during each process. The measured nonequilibrium en-
tropy distribution is shown in Fig. 3. It is discrete as expected
for a quantum system. We further observe that both positive
and negative values occur owing to the stochastic nature of
the problem. However, the mean entropy production is posi-
tive (red line) in full agreement with the Clausius inequality,
h⌃i � 0, for an isolated system. We have thus directly tested
one of the fundamental expressions of the second law of ther-
modynamics at the level of an isolated quantum system [3].

A comparison of the mean entropy production with the
Kullback-Leibler relative entropy between forward and back-
ward states is displayed in Fig. 4 as a function of the quench
time. We observe good agreement between the two quantities
within experimental errors that are due to inhomogeneities in
the driving rf-field and to non-idealities of the field modula-
tion. These results provide a first experimental confirmation
of Eq. (1) and the direct verification of the thermodynamic
arrow of time in a driven quantum system. They quantify in
a precise manner the intuitive notion that the faster a system
is driven away from thermal equilibrium (i.e. the bigger the
mean entropy production / the shorter the driving time ⌧), the
larger the degree of irreversibility, as measured by the relative
entropy between a process and its time reverse.

In the linear response regime [3], Onsager has derived
generic expressions for the entropy production which form the
backbone of standard nonequilibrium thermodynamics. These
results are, however, limited to systems that are driven close to
thermal equilibrium. By contrast, Eq. (1) holds for any driv-
ing protocol and thus arbitrarily far from equilibrium. In order
to check the general validity of Eq. (1), we use the linear re-
sponse (LR) approximation of the mean work [17], hWLRi =
�F + ��W2/2, where �W2 is the variance of the work, to ob-
tain the mean entropy production h⌃LRi = �2�W2/2. Figure 5
shows the experimental values of h⌃i and h⌃LRi as a function
of the quench duration. We note that the measured irreversible
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Figure 4. Quantification of the arrow of time. Average en-
tropy production h⌃i (dashed lines) evaluated through the probability
distribution P(⌃), and Kullback-Leibler divergence S

⇣
⇢F

t k ⇢B
⌧�t

⌘
be-

tween forward and backward states ⇢F
t and ⇢B

⌧�t (dots), reconstructed
through the tomographic measurements, as a function of time for
three different quench durations ⌧ = 100 µs (blue), 500 µs (green),
and 700 µs (red). Good agreement (within experimental uncertain-
ties represented respectively by errors bars and shadowed regions)
between the two quantities is observed, quantifying the arrow of time
Eq. (1).

entropy production h⌃i is distinct from its linear response ap-
proximation h⌃LRi, the difference being more pronounced for
fast quenches (small ⌧), as expected. Figure 5 thus clearly
demonstrates that the quenches implemented in the experi-
ment are performed in the nonlinear response regime. We ad-
ditionally mention that we achieve good agreement between
experimental data (dots) and numerical simulations (dashed
lines) (see Supplementary Material).

Let us finally discuss the physical origin of time asym-
metry in a closed quantum system. Using an argument
put forward by Loschmidt in the classical context, its time
evolution should in principle be fully reversible [1]. How
can then a unitary equation, like the Schrödinger equation,
lead to Eq. (1) that contains a strictly nonnegative relative
entropy? The answer to this puzzling question lies in the
observation that the description of physical processes re-
quires both equations of motion and initial conditions [1].
The choice of an initial thermal equilibrium state singles
out a particular value of the entropy, breaks time-reversal
invariance and thus leads to the arrow of time. The dynam-
ics can only be fully reversible for a genuine equilibrium
process for which the entropy production vanishes at all times.

Materials and Methods.
Experimental set-up. We use a liquid-state sample of 50 mg of 99%
13C-labeled CHCl3 (chloroform) diluted in 0.7 ml of 99.9% deutered
Acetone-d6, in a flame sealed Wildmad LabGlass 5 mm tube. The
measurements are carried out in a Varian 500 MHz Spectrometer us-
ing a double-resonance probe-head equipped with a magnetic field
gradient coil. We encode two qubits in the nuclear spins of 1H and

Figure 5. Nonlinear response regime. Mean entropy production
h⌃i (blue dots) and its linear response approximation h⌃LRi (green
dots) as a function of the quench time. The difference between the
two values, especially for fast quenches (small ⌧), demonstrates that
the experiment has been performed in the nonlinear response regime.
The dashed lines represent the results of numerical simulations.

13C in our molecular sample [5, 29, 30]. The 1H qubit is used as an
ancillary system for the reconstruction of the work and entropy pro-
duction statistics of the 13C quenched dynamics, applying the meth-
ods described in the Supporting Information. The chloroform sam-
ple can be regarded as a collection of identically prepared spin-1/2
systems [29]. The sample is placed in the presence of a longitudinal
static magnetic field (whose direction is taken to be along the positive
z axes) with strong intensity, B0 ⇡ 11.75 T. The 1H and 13C nuclear
spins precess around B0 with Larmor frequencies !H/2⇡ ⇡ 500 MHz
and !C/2⇡ ⇡ 125 MHz, respectively. We control the system mag-
netization through rf-field pulses in the transverse (x and y) direc-
tion [30]. The initial thermal state of the 13C nuclear spin is prepared
by suitable sequences of transversal rf-field and longitudinal field-
gradient pulses. We use the value kBT/h = 1.56± 0.07 kHz through-
out the experiment for the initial 13C nuclear spin thermal states.

The spin-lattice relaxation times, measured by inversion recovery
pulse sequence, are (T H

1 ,T C
1 ) ⇡ (7.36, 10.55) s. The transverse relax-

ation, obtained by CPMG pulse sequence, have characteristic times
(T H

2 ,T C
2 ) ⇡ (4.76, 0.33) s. The total data acquisition time involves

an interferometric strategy (described in the Supplementary Informa-
tion), which vary from 0.1 ms to about 126 ms, being smaller than
T H,C

1 . This enables us to disregard any energy exchange with the sys-
tem surround environment during the quench dynamics. The effects
of the Carbon transverse relaxation (T C

2 ) can be partially overcome
by a refocus strategy in the reconstruction procedure. It only limits
the resolution of the inverse Fourier transform employed to obtain
the distribution of entropy production shown in Fig. 3 (see Supple-
mentary Information).
Driving Hamiltonian. In a rotating frame at the spin Larmor fre-
quency, the Hamiltonian regulating the forward process (on the Car-
bon nuclear spin) is

HF
t = 2⇡~⌫ (t)

⇣
�C

x cos �(t) + �C
y sin �(t)

⌘
, (3)

with �C
x,y,z the Pauli spin operators, �(t) = ⇡t/(2⌧), and

⌫(t) = ⌫0 (1 � t/⌧) + ⌫⌧t/⌧ the (linear) modulation of the rf-field
frequency over time ⌧, from value ⌫0 = 1.0 kHz to ⌫⌧ = 1.8 kHz. The
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Hamiltonian Ht = H(Gt) reads (t > 0)

Ht = ~!
c

â†â+ p̂2

2M + 1

2

M!2

m

x̂2 + ~G(k)
t â†â x̂k , (9)

where k = 1 leads to the linear regime and k = 2 to the

quadratic one, G
(k)
t = ⇥(t)k�1@k

x!c

(x)|x=0

is the cou-
pling parameter, and ⇥(t) is the Heaviside step func-
tion. Since we set G

0

= 0, both systems are initially
uncorrelated and prepared in a global thermal state at

inverse temperature �, i.e., %�(G0

) = %
(c)

� ⌦ %
(m)

� , where

%
(↵)
� =

P

n p
(↵)
n |ni↵ ↵hn|, with p

(↵)
n = Nn

↵/(1 + N↵)n+1,

and N↵ = (e�~!↵ � 1)�1 being the average number of
thermal excitations in mode ↵ = c,m. Our main goal is
to evaluate the characteristic function of the work distri-
bution Eq. (3), which encompasses all the thermodynam-
ically relevant information. Using the above notation, we
have

�(u) = Tr
n

e
i
~ ˆHt>0u e�

i
~ ˆH0u%

(c)
� ⌦ %

(m)

�

o

. (10)

We now proceed to calculate �(u), P (W ), and �F in
both linear and quadratic coupling cases.

A. Quenched linear optomechanical interaction

For the case of a Fabry-Pérot cavity of length L and
oscillating mirror of mass M the coupling can be shown

to be equal to G
(1)

t>0

= !
c

/L ⌘ g/x
zpf

, where g is referred
as the single-photon coupling strength and quantifies the
shift in the equilibrium position of the mechanical res-
onator induced by a single photon. In order to keep the
notation as simple as possible, we will explicitly denote
by Ĥ

I

the (initial) uncoupled Hamiltonian

Ĥt=0

= ~!
c

â†â+ ~!
m

(b̂†b̂+ 1

2

) ⌘ Ĥ
I

, (11)

and by Ĥ
F

the (final) interacting one

Ĥt>0

= Ĥ
I

+ ~ g â†â(b̂+ b̂†) ⌘ Ĥ
F

. (12)

Using the disentangling theorem it is straightforward to
prove that

e�
i
~ ˆHFu = e

�i!cu â†â+i g2

!2
m

(!mu�sin!mu) (â†â)2

⇥ e
� g

!m
â†â(⌘ˆb†�⌘⇤

ˆb)
e�i!muˆb†ˆb ,

(13)

where ⌘ = (1 � e�i!mu). Expression (13) provides us
with physical insight into the dynamical evolution in-
duced by radiation-pressure interaction: Apart from two
free-rotating terms (the first and last in the above prod-
uct), the propagator reduces to a displacement of the
mechanical mode conditioned on the number of cavity
photons, followed by an evolution generated by a Kerr-
like term.

The characteristic function in Eq. (10) can then be ex-
plicitly worked out. The form of the interaction suggests

FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible transi-
tions induced by the quench of the linear interaction—having
di↵erent values of �k = k0 � k—are shown as an example.

taking the trace over the number states {|ni
c

} for mode

â and over the coherent states {|↵i
m

} for b̂ (we reserve
Latin letters for Fock-state labels and Greek letters for
coherent-state labels throughout), i.e.,

�(u) =
1
X

n=0

Z

C
d2↵P(c)

n p(m)(↵) hn,↵| e i
~ ˆHFue�

i
~ ˆHIu |n,↵i ,

(14)
where P(m)(↵) = exp (�|↵|2/N

m

)/(⇡N
m

) is the
Glauber–Sudarshan P -representation of an equilibrium
thermal state in the coherent-state basis and the com-
pound kets are defined as |n,↵i ⌘ |ni

c

⌦ |↵i
m

. It is
possible to gather the following analytical expression for
the characteristic function

�(u) =
1
X

n=0

Nn
c

e
� g2n2

!2
m

[i(!mu�sin!mu)+(1+2Nm)(1�cos!mu)]

(1 +N
c

)n+1

(15)
which cannot be summed analytically. We can however
appreciate a few significant features of such expression:
First, we recognize the thermal statistics of the cavity
field modulated by an exponential whose argument keeps
track of the average number of phonons N

m

. Second, the
characteristic function is moreover periodic in u.
To proceed further, we numerically evaluate the prob-

ability distribution of the work by calculating Eq. (2)
directly. To do this, we require the energy eigenvalues
and eigenstates of Ĥ

I

and Ĥ
F

. As Ĥ
I

is the free Hamil-
tonian of the uncoupled system, it satisfies the eigen-
value equation Ĥ

I

|n, ki = En,k |n, ki, where |n, ki =
|ni

c

⌦ |ki
m

, and En,k = ~!
c

n + ~!
m

(k + 1

2

). Ow-

ing to the fact that [â†â, Ĥ
F

] = 0, the post-quench
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where k = 1 leads to the linear regime and k = 2 to the

quadratic one, G
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is the cou-
pling parameter, and ⇥(t) is the Heaviside step func-
tion. Since we set G

0
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uncorrelated and prepared in a global thermal state at
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and N↵ = (e�~!↵ � 1)�1 being the average number of
thermal excitations in mode ↵ = c,m. Our main goal is
to evaluate the characteristic function of the work distri-
bution Eq. (3), which encompasses all the thermodynam-
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have
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We now proceed to calculate �(u), P (W ), and �F in
both linear and quadratic coupling cases.

A. Quenched linear optomechanical interaction

For the case of a Fabry-Pérot cavity of length L and
oscillating mirror of mass M the coupling can be shown

to be equal to G
(1)

t>0

= !
c

/L ⌘ g/x
zpf

, where g is referred
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shift in the equilibrium position of the mechanical res-
onator induced by a single photon. In order to keep the
notation as simple as possible, we will explicitly denote
by Ĥ
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F

. (12)

Using the disentangling theorem it is straightforward to
prove that

e�
i
~ ˆHFu = e

�i!cu â†â+i g2
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â†â(⌘ˆb†�⌘⇤

ˆb)
e�i!muˆb†ˆb ,

(13)

where ⌘ = (1 � e�i!mu). Expression (13) provides us
with physical insight into the dynamical evolution in-
duced by radiation-pressure interaction: Apart from two
free-rotating terms (the first and last in the above prod-
uct), the propagator reduces to a displacement of the
mechanical mode conditioned on the number of cavity
photons, followed by an evolution generated by a Kerr-
like term.

The characteristic function in Eq. (10) can then be ex-
plicitly worked out. The form of the interaction suggests
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I
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F

. (12)

Using the disentangling theorem it is straightforward to
prove that

e�
i
~ ˆHFu = e

�i!cu â†â+i g2
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â and over the coherent states {|↵i
m

} for b̂ (we reserve
Latin letters for Fock-state labels and Greek letters for
coherent-state labels throughout), i.e.,

�(u) =
1
X

n=0

Z

C
d2↵P(c)

n p(m)(↵) hn,↵| e i
~ ˆHFue�

i
~ ˆHIu |n,↵i ,

(14)
where P(m)(↵) = exp (�|↵|2/N

m

)/(⇡N
m

) is the
Glauber–Sudarshan P -representation of an equilibrium
thermal state in the coherent-state basis and the com-
pound kets are defined as |n,↵i ⌘ |ni

c

⌦ |↵i
m

. It is
possible to gather the following analytical expression for
the characteristic function

�(u) =
1
X

n=0

Nn
c

e
� g2n2

!2
m

[i(!mu�sin!mu)+(1+2Nm)(1�cos!mu)]

(1 +N
c

)n+1

(15)
which cannot be summed analytically. We can however
appreciate a few significant features of such expression:
First, we recognize the thermal statistics of the cavity
field modulated by an exponential whose argument keeps
track of the average number of phonons N

m

. Second, the
characteristic function is moreover periodic in u.
To proceed further, we numerically evaluate the prob-

ability distribution of the work by calculating Eq. (2)
directly. To do this, we require the energy eigenvalues
and eigenstates of Ĥ
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For the case of a Fabry-Pérot cavity of length L and
oscillating mirror of mass M the coupling can be shown

to be equal to G
(1)

t>0

= !
c

/L ⌘ g/x
zpf

, where g is referred
as the single-photon coupling strength and quantifies the
shift in the equilibrium position of the mechanical res-
onator induced by a single photon. In order to keep the
notation as simple as possible, we will explicitly denote
by Ĥ
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�i!cu â†â+i g2

!2
m

(!mu�sin!mu) (â†â)2
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to the Hamiltonian of the n-photon manifold. Each ĤF,n

can then be diagonalized using a displacement operator
D̂(z) = exp(zb̂† � z⇤b̂) on the mechanical mode, whose
amplitude we take conditioned to the photon number n.
Denoting the quantities referring to Ĥ

F,n with a prime we
find the energy eigenstates, written in the energy eigen-
basis of the initial Hamiltonian Ĥ
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A pictorial view of pre- and post-quench eigenstates in
the subspace at fixed number n of photons is sketched in
Fig. 2. As stated by Eq. (2), the transitions from a set
of eigenstates to another are responsible—at the micro-
scopic level—for the work performed on or by the system.
The probability distribution of the work is thus given by
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where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [15]. A
comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution coming from the first projec-
tive measurement, which consist of a sampling from the
joint thermal distribution of the cavity and the mirror,
from the transition probability due to the two projective
measurements, and explicitly provides an analytical ex-
pression for the latter. The probability distribution of
the work, together with real and imaginary parts of the
characteristic function, is shown in Fig. 3, for di↵erent
values of N

c

, N
m

, and coupling strength. By di↵erenti-
ating the expression of characteristic function Eq. (15)
and evaluating it in the origin, according to the prescrip-
tion in Eq. (4), one can see that each term of the series
identically vanishes, so that the average work generated
by quenching the optomechanical coupling is in fact zero.
The same conclusion can be drawn by inspecting Fig. 3,
where both real and imaginary parts of �(u) are flat close
to u = 0; the distribution of the work values is therefore
centered around W = 0. Having access to the character-
istic function also gives us information about the statis-
tical moments of P (W ); e.g., the variance of the distri-
bution is given by

hW 2i � hW i2 = ~2g2N
c

(1 + 2N
c

)(1 + 2N
m

) . (17)

As expected, this quantity increases both with respect to
the intensity of the quench, as quantified by g/!

m

, and

FIG. 3. (Top panel) Left: Behavior against the time-like
variable u of the real, Re(�) (solid blue), and imaginary,
Im(�) (dashed red), parts of the characteristic function for
mean number of cavity photons Nc = 0.001, mean num-
ber of phonons Nm = 1, and coupling strength g = 0.2!m.
Right: Logarithmic plot of the corresponding probability
distribution of the stochastic work variable, W . (Middle
panel) Same, but Nc = 0.1, Nm = 1, and g = 0.1!m. (Bottom
panel) Nc = 0.01, Nm = 10, and g = 0.8!m.

the average number of thermal excitations. This feature
is apparent by comparing the topmost distribution, rela-
tive to N

c

= 0.001, N
m

= 1 and g/!
m

= 0.2, to the other
two, respectively obtained for N

c

= 0.1 and N
m

= 1
and g/!

m

= 0.1—thus varying the ratio !
c

/!
m

—and
N

c

= 0.01 and N
m

= 10 and g/!
m

= 0.8, i.e., increasing
both the temperature and the coupling strength.

Let us first analyze P (W ) as illustrated for a few repre-
sentative cases in Fig. 3, where we consider small values
of g/!

m

. 1. In such conditions and for relatively small
values for N

c

, the probability distribution appears to be
dominated by peaks occurring close to multiple values
of ~!

m

. These peaks originate from di↵erent initially-
populated Fock states of the mechanical subsystem. In-
deed, the number of peaks with appreciable amplitude
increases strongly with N

m

. In Fig. 3 (b) we notice that
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basis of the initial Hamiltonian Ĥ

I

, |n0i
c

⌦D̂†( g n0

!m
) |k0i

m

,

with eigenvalues En0,k0 = ~!
c

n0 + ~!
m

(k0 + 1

2

)� ~ g2

!m
n02.

A pictorial view of pre- and post-quench eigenstates in
the subspace at fixed number n of photons is sketched in
Fig. 2. As stated by Eq. (2), the transitions from a set
of eigenstates to another are responsible—at the micro-
scopic level—for the work performed on or by the system.
The probability distribution of the work is thus given by

P (W ) =
X

n,n0,k,k0

p(c)n p
(m)

k |
m

hk0|D̂[(g/!
m

)n0] |ki
m

|2

⇥ �[W � (En0,k0 � En,k)]�n,n0

=
X

n,k,k0

p(c)n p
(m)

k

k!

k0!
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2n2

[(g/!
m

)n]2(k
0�k)

⇥
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L (k0�k)
k [(g/!

m

)2n2]
o

2

⇥ �{W � ~!
m

[k0 � k � (g/!
m

)2n2]} ,
(16)

where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [15]. A
comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution coming from the first projec-
tive measurement, which consist of a sampling from the
joint thermal distribution of the cavity and the mirror,
from the transition probability due to the two projective
measurements, and explicitly provides an analytical ex-
pression for the latter. The probability distribution of
the work, together with real and imaginary parts of the
characteristic function, is shown in Fig. 3, for di↵erent
values of N

c

, N
m

, and coupling strength. By di↵erenti-
ating the expression of characteristic function Eq. (15)
and evaluating it in the origin, according to the prescrip-
tion in Eq. (4), one can see that each term of the series
identically vanishes, so that the average work generated
by quenching the optomechanical coupling is in fact zero.
The same conclusion can be drawn by inspecting Fig. 3,
where both real and imaginary parts of �(u) are flat close
to u = 0; the distribution of the work values is therefore
centered around W = 0. Having access to the character-
istic function also gives us information about the statis-
tical moments of P (W ); e.g., the variance of the distri-
bution is given by

hW 2i � hW i2 = ~2g2N
c

(1 + 2N
c

)(1 + 2N
m

) . (17)

As expected, this quantity increases both with respect to
the intensity of the quench, as quantified by g/!

m

, and

FIG. 3. (Top panel) Left: Behavior against the time-like
variable u of the real, Re(�) (solid blue), and imaginary,
Im(�) (dashed red), parts of the characteristic function for
mean number of cavity photons Nc = 0.001, mean num-
ber of phonons Nm = 1, and coupling strength g = 0.2!m.
Right: Logarithmic plot of the corresponding probability
distribution of the stochastic work variable, W . (Middle
panel) Same, but Nc = 0.1, Nm = 1, and g = 0.1!m. (Bottom
panel) Nc = 0.01, Nm = 10, and g = 0.8!m.

the average number of thermal excitations. This feature
is apparent by comparing the topmost distribution, rela-
tive to N

c

= 0.001, N
m

= 1 and g/!
m

= 0.2, to the other
two, respectively obtained for N

c

= 0.1 and N
m

= 1
and g/!

m

= 0.1—thus varying the ratio !
c

/!
m

—and
N

c

= 0.01 and N
m

= 10 and g/!
m

= 0.8, i.e., increasing
both the temperature and the coupling strength.

Let us first analyze P (W ) as illustrated for a few repre-
sentative cases in Fig. 3, where we consider small values
of g/!

m

. 1. In such conditions and for relatively small
values for N

c

, the probability distribution appears to be
dominated by peaks occurring close to multiple values
of ~!

m

. These peaks originate from di↵erent initially-
populated Fock states of the mechanical subsystem. In-
deed, the number of peaks with appreciable amplitude
increases strongly with N

m

. In Fig. 3 (b) we notice that
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FIG. 4. Logarithmic plot of the probability distribution
of the work corresponding to the parameters (Nc, Nm, g) =
(0.167, 9, 0.7!m) [(Nc, Nm, g) = (0.9, 19, 0.7!m)] for the up-
per panel [for the lower panel]. The solid magenta line shows
the coarse-grained version of the distribution.

the sparse peak-distribution associated with very low val-
ues of N

c

changes into a “clustered” one, where groups
of peaks develop close to multiples of ~!

m

and are biased
towards less positive values of W . This is directly caused
by the Kerr-like term in Ĥ

F

, whose contribution to the
overall energy is always negative. A natural question to
ask at this point is why the average work done is zero
when each of these fine structures is biased in the same
direction. The answer to this lies in the positive skewness
of the distribution, which is given by

� =
h(W � hW i)3i

h(W � hW i)2i3/2 =
!
m

/g

(1 + 2N
m

)
p

N
c

(1 + 2N
c

)
,

(18)
and is more apparent in the low-temperature regime;
indeed, by simply looking at the distribution shown in
Fig. 3(a), it is possible to appreciate the positive skew-
ness of the distribution.

Shifting our attention from Fig. 3 to Fig. 4, we can ap-
preciate the e↵ects of increasing the temperature signif-
icantly. The two e↵ects we discussed above, namely the
increasing number of peaks upon increasing N

m

and the
fine structure that appears more and more prominently
when increasing N

c

, work together to turn P (W ) from a
distribution consisting of well-separated peaks to a dense
forest of points. It is readily apparent from the latter fig-
ure that the tails of the distribution decay exponentially
with increasing |W |. In order to investigate this e↵ect

more thoroughly, we show in Fig. 4 a coarse-graining of
the probability distributions. This coarse-graining was
performed by convolving P (W ) with a Gaussian of ap-
propriate width (0.5 ~!

m

in this case). The resulting
distributions, drawn as solid curves in this figure, dis-
play clearly a tripartite structure. First, around W = 0,
a prominent peak is apparent whose width in this fig-
ure is entirely due to the convolved Gaussian. Second,
a quadratic decay is appreciated for slightly larger val-
ues of W . The probability distribution in this region is
thus Gaussian in nature. Third, the tails of the distribu-
tion have a manifestly exponential character: the coarse-
grained curve displays a prominent kink where the expo-
nential tail meets the Gaussian part of the distribution.

It is worth discussing the validity of our coarse-graining
approach. We have verified that the discussion above
is not modified significantly when the function used to
coarse-grain is changed from a Gaussian or a Lorentzian,
or when the width of this function is changed within
reason. A final check we performed was to construct

the cumulative distribution function
RW

�1 dwP (w). This
function was interpolated and smoothed, and then dif-
ferentiated to give a continuous version of P (W ). Once
again, the conclusions we drew above were left unmod-
ified. It is possible to attach a physical meaning to the
coarse-graining of P (W ) as follows. Should the probabil-
ity distribution be measured using any realistic appara-
tus, the measurement results will not be infinitely sharp,
and will be distributed according to some distribution,
usually assumed to be Gaussian. Such an experiment
would directly yield the coarse-grained distribution we
calculate and display in Fig. 4.

We have thus shown, analytically and numerically, that
despite turning on a nonlinear interaction between the
two modes, on average there is no net production of work.
This is perhaps a surprising fact, given that it has been
established that either by quenching the frequency of the
harmonic potential of a single oscillator, or the linear
interaction between two bosonic modes, net work is pro-
duced on average. We shall return to this point in the
next subsection, where we discuss the physical origin of
this fact and demonstrate a method for producing non-
zero average work.

Using Eq. (13) we can easily compute the evolution of

the initial Gibbs state, as defined by %(t) = e�
i
~ t ˆHF%

(c)

� ⌦
%
(m)

� e
i
~ t ˆHF . In our case, it is easily seen that this always

leads to a separable state, where any correlations between
the optical and mechanical modes are fully classical. The
dynamics is periodic in time: At t = 2⇡r/!

m

(r 2 Z), the
system goes back to the initially factorized state, while
for t = (2r + 1)⇡/!

m

(r 2 Z), one gets the maximally
(classically) correlated state.

Eq. (13) also allows us to compute the partition func-
tion of the system, via a suitable Wick rotation of the
argument, i.e., u ! �i~�, which e↵ectively identifies
the imaginary time as an inverse temperature. For the
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Hamiltonian Ht = H(Gt) reads (t > 0)

Ht = ~!
c

â†â+ p̂2

2M + 1

2

M!2

m

x̂2 + ~G(k)
t â†â x̂k , (9)

where k = 1 leads to the linear regime and k = 2 to the

quadratic one, G
(k)
t = ⇥(t)k�1@k

x!c

(x)|x=0

is the cou-
pling parameter, and ⇥(t) is the Heaviside step func-
tion. Since we set G

0

= 0, both systems are initially
uncorrelated and prepared in a global thermal state at

inverse temperature �, i.e., %�(G0

) = %
(c)

� ⌦ %
(m)

� , where

%
(↵)
� =

P

n p
(↵)
n |ni↵ ↵hn|, with p

(↵)
n = Nn

↵/(1 + N↵)n+1,

and N↵ = (e�~!↵ � 1)�1 being the average number of
thermal excitations in mode ↵ = c,m. Our main goal is
to evaluate the characteristic function of the work distri-
bution Eq. (3), which encompasses all the thermodynam-
ically relevant information. Using the above notation, we
have

�(u) = Tr
n

e
i
~ ˆHt>0u e�

i
~ ˆH0u%

(c)
� ⌦ %

(m)

�

o

. (10)

We now proceed to calculate �(u), P (W ), and �F in
both linear and quadratic coupling cases.

A. Quenched linear optomechanical interaction

For the case of a Fabry-Pérot cavity of length L and
oscillating mirror of mass M the coupling can be shown

to be equal to G
(1)

t>0

= !
c

/L ⌘ g/x
zpf

, where g is referred
as the single-photon coupling strength and quantifies the
shift in the equilibrium position of the mechanical res-
onator induced by a single photon. In order to keep the
notation as simple as possible, we will explicitly denote
by Ĥ

I

the (initial) uncoupled Hamiltonian

Ĥt=0

= ~!
c

â†â+ ~!
m

(b̂†b̂+ 1

2

) ⌘ Ĥ
I

, (11)

and by Ĥ
F

the (final) interacting one

Ĥt>0

= Ĥ
I

+ ~ g â†â(b̂+ b̂†) ⌘ Ĥ
F

. (12)

Using the disentangling theorem it is straightforward to
prove that

e�
i
~ ˆHFu = e

�i!cu â†â+i g2

!2
m

(!mu�sin!mu) (â†â)2

⇥ e
� g

!m
â†â(⌘ˆb†�⌘⇤

ˆb)
e�i!muˆb†ˆb ,

(13)

where ⌘ = (1 � e�i!mu). Expression (13) provides us
with physical insight into the dynamical evolution in-
duced by radiation-pressure interaction: Apart from two
free-rotating terms (the first and last in the above prod-
uct), the propagator reduces to a displacement of the
mechanical mode conditioned on the number of cavity
photons, followed by an evolution generated by a Kerr-
like term.

The characteristic function in Eq. (10) can then be ex-
plicitly worked out. The form of the interaction suggests

FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible transi-
tions induced by the quench of the linear interaction—having
di↵erent values of �k = k0 � k—are shown as an example.

taking the trace over the number states {|ni
c

} for mode

â and over the coherent states {|↵i
m

} for b̂ (we reserve
Latin letters for Fock-state labels and Greek letters for
coherent-state labels throughout), i.e.,

�(u) =
1
X

n=0

Z

C
d2↵P(c)

n p(m)(↵) hn,↵| e i
~ ˆHFue�

i
~ ˆHIu |n,↵i ,

(14)
where P(m)(↵) = exp (�|↵|2/N

m

)/(⇡N
m

) is the
Glauber–Sudarshan P -representation of an equilibrium
thermal state in the coherent-state basis and the com-
pound kets are defined as |n,↵i ⌘ |ni

c

⌦ |↵i
m

. It is
possible to gather the following analytical expression for
the characteristic function

�(u) =
1
X

n=0

Nn
c

e
� g2n2

!2
m

[i(!mu�sin!mu)+(1+2Nm)(1�cos!mu)]

(1 +N
c

)n+1

(15)
which cannot be summed analytically. We can however
appreciate a few significant features of such expression:
First, we recognize the thermal statistics of the cavity
field modulated by an exponential whose argument keeps
track of the average number of phonons N

m

. Second, the
characteristic function is moreover periodic in u.
To proceed further, we numerically evaluate the prob-

ability distribution of the work by calculating Eq. (2)
directly. To do this, we require the energy eigenvalues
and eigenstates of Ĥ

I

and Ĥ
F

. As Ĥ
I

is the free Hamil-
tonian of the uncoupled system, it satisfies the eigen-
value equation Ĥ

I

|n, ki = En,k |n, ki, where |n, ki =
|ni

c

⌦ |ki
m

, and En,k = ~!
c

n + ~!
m

(k + 1

2

). Ow-

ing to the fact that [â†â, Ĥ
F

] = 0, the post-quench
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FIG. 7. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible tran-
sitions induced by the quench of the quadratic interaction—
having di↵erent values of �k = k0 � k—are shown as an ex-
ample.

conditioned on the photon number n. Once again denot-
ing the post-quench quantities with a prime, and express-
ing the states in the eigenbasis of H

I

, we find eigenstates
Ĥ

F,n |n0i
c

⌦ Ŝ(⇣n0) |k0i
m

= En0,k0 |n0i
c

⌦ Ŝ(⇣n0) |k0i
m

,
where the squeezing parameter is given by ⇣n0 ⌘ 1

4

log
⇥

1+
4(/!

m

)n0⇤, and the eigenvalue

En0,k0 = ~!
c

n0 + ~!
m

p

1 + 4(/!
m

)n0 (k0 + 1

2

) . (33)

As sketched in Fig. 7, for the manifold corresponding
to n0 photons, the quench results in a relative shift of
the mechanical levels by ~!

m

⇥

p

1 + 4(/!
m

)n0 � 1
⇤

, a
modification of the oscillation frequency to ⌦n0 , and a
squeezing of the state by a factor ⇣n0 . Putting everything
together, the probability distribution of the work is thus
given by

P (W ) =
X

n,n0,k,k0

p(c)n p
(m)

k |hk0|S(⇣n0) |ki|2

⇥ � [W � (En0,k0 � En,k)] �n,n0

=
X
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p(c)n p
(m)
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(cosh ⇣n)2k+1

[S(k, k0, ⇣n)]2
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�

W � ~!
m

⇥

r

1 +
4n

!
m

k0 � k
⇤ 

,

(34)

where S(k, k0, ⇣n) is given by

S(k, k0, ⇣n) =
b k0

2 c
X

m=0

b k
2 c
X

l=0

(�1)3m+2l

2m+l m! l!

(tanh ⇣n)m+l

(k � 2l)!

⇥ (cosh ⇣n)
2l�k0�2m,k�2l.

(35)

In order to characterise quantitatively the key features

FIG. 8. (Top panel) Left: Behaviour against the time-like
variable u of the real, Re(�) (solid blue), and imaginary,
Im(�) (dashed red), parts of the characteristic function for
mean number of cavity photons Nc = 0.001, mean num-
ber of phonons Nm = 1, and coupling strength g = 0.2!m.
Right: Logarithmic plot of the corresponding probability
distribution of the stochastic work variable, W . (Middle
panel) Same, but Nc = 0.1, Nm = 1, and g = 0.1!m. (Bottom
panel) Nc = 0.01, Nm = 10, and g = 0.8!m.

of the distribution of work, here we mention that the
average work generated by a quench of the quadratic op-
tomechanical Hamiltonian is then given by

hW i = ~N
c

(1 + 2N
m

), (36)

while its variance reads

hW 2i � hW i2 = ~22N
c

(3 + 5N
c

)(1 + 2N
m

)2 . (37)

Finally, it will be seen shortly that the probability dis-
tribution in the case of a quadratic quench is very asym-
metrical, with a skewness given by

� =
4 + 8N

c

+ (g/!
m

)(15 + 81N
c

+ 74N2

c

)(1 + 2N
m

)2

(g/!
m

)
p
N

c

(3 + 5N
c

)3/2(1 + 2N
m

)2
.

(38)
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x̂2 + ~G(k)
t â†â x̂k , (9)

where k = 1 leads to the linear regime and k = 2 to the

quadratic one, G
(k)
t = ⇥(t)k�1@k

x!c

(x)|x=0

is the cou-
pling parameter, and ⇥(t) is the Heaviside step func-
tion. Since we set G

0

= 0, both systems are initially
uncorrelated and prepared in a global thermal state at

inverse temperature �, i.e., %�(G0
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(c)
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(m)

� , where

%
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(↵)
n = Nn

↵/(1 + N↵)n+1,

and N↵ = (e�~!↵ � 1)�1 being the average number of
thermal excitations in mode ↵ = c,m. Our main goal is
to evaluate the characteristic function of the work distri-
bution Eq. (3), which encompasses all the thermodynam-
ically relevant information. Using the above notation, we
have

�(u) = Tr
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We now proceed to calculate �(u), P (W ), and �F in
both linear and quadratic coupling cases.

A. Quenched linear optomechanical interaction

For the case of a Fabry-Pérot cavity of length L and
oscillating mirror of mass M the coupling can be shown

to be equal to G
(1)

t>0

= !
c

/L ⌘ g/x
zpf

, where g is referred
as the single-photon coupling strength and quantifies the
shift in the equilibrium position of the mechanical res-
onator induced by a single photon. In order to keep the
notation as simple as possible, we will explicitly denote
by Ĥ

I

the (initial) uncoupled Hamiltonian

Ĥt=0

= ~!
c

â†â+ ~!
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(b̂†b̂+ 1
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, (11)

and by Ĥ
F

the (final) interacting one

Ĥt>0

= Ĥ
I

+ ~ g â†â(b̂+ b̂†) ⌘ Ĥ
F

. (12)

Using the disentangling theorem it is straightforward to
prove that
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(13)

where ⌘ = (1 � e�i!mu). Expression (13) provides us
with physical insight into the dynamical evolution in-
duced by radiation-pressure interaction: Apart from two
free-rotating terms (the first and last in the above prod-
uct), the propagator reduces to a displacement of the
mechanical mode conditioned on the number of cavity
photons, followed by an evolution generated by a Kerr-
like term.

The characteristic function in Eq. (10) can then be ex-
plicitly worked out. The form of the interaction suggests

FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible transi-
tions induced by the quench of the linear interaction—having
di↵erent values of �k = k0 � k—are shown as an example.
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which cannot be summed analytically. We can however
appreciate a few significant features of such expression:
First, we recognize the thermal statistics of the cavity
field modulated by an exponential whose argument keeps
track of the average number of phonons N

m

. Second, the
characteristic function is moreover periodic in u.
To proceed further, we numerically evaluate the prob-

ability distribution of the work by calculating Eq. (2)
directly. To do this, we require the energy eigenvalues
and eigenstates of Ĥ
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and Ĥ
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is the free Hamil-
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+ ~ g â†â(b̂+ b̂†) ⌘ Ĥ
F

. (12)

Using the disentangling theorem it is straightforward to
prove that

e�
i
~ ˆHFu = e

�i!cu â†â+i g2

!2
m

(!mu�sin!mu) (â†â)2

⇥ e
� g

!m
â†â(⌘ˆb†�⌘⇤

ˆb)
e�i!muˆb†ˆb ,

(13)

where ⌘ = (1 � e�i!mu). Expression (13) provides us
with physical insight into the dynamical evolution in-
duced by radiation-pressure interaction: Apart from two
free-rotating terms (the first and last in the above prod-
uct), the propagator reduces to a displacement of the
mechanical mode conditioned on the number of cavity
photons, followed by an evolution generated by a Kerr-
like term.

The characteristic function in Eq. (10) can then be ex-
plicitly worked out. The form of the interaction suggests

FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible transi-
tions induced by the quench of the linear interaction—having
di↵erent values of �k = k0 � k—are shown as an example.

taking the trace over the number states {|ni
c

} for mode

â and over the coherent states {|↵i
m

} for b̂ (we reserve
Latin letters for Fock-state labels and Greek letters for
coherent-state labels throughout), i.e.,

�(u) =
1
X

n=0

Z

C
d2↵P(c)

n p(m)(↵) hn,↵| e i
~ ˆHFue�

i
~ ˆHIu |n,↵i ,

(14)
where P(m)(↵) = exp (�|↵|2/N

m

)/(⇡N
m

) is the
Glauber–Sudarshan P -representation of an equilibrium
thermal state in the coherent-state basis and the com-
pound kets are defined as |n,↵i ⌘ |ni

c

⌦ |↵i
m

. It is
possible to gather the following analytical expression for
the characteristic function

�(u) =
1
X

n=0

Nn
c

e
� g2n2

!2
m

[i(!mu�sin!mu)+(1+2Nm)(1�cos!mu)]

(1 +N
c

)n+1

(15)
which cannot be summed analytically. We can however
appreciate a few significant features of such expression:
First, we recognize the thermal statistics of the cavity
field modulated by an exponential whose argument keeps
track of the average number of phonons N

m

. Second, the
characteristic function is moreover periodic in u.
To proceed further, we numerically evaluate the prob-

ability distribution of the work by calculating Eq. (2)
directly. To do this, we require the energy eigenvalues
and eigenstates of Ĥ

I

and Ĥ
F

. As Ĥ
I

is the free Hamil-
tonian of the uncoupled system, it satisfies the eigen-
value equation Ĥ

I

|n, ki = En,k |n, ki, where |n, ki =
|ni

c

⌦ |ki
m

, and En,k = ~!
c

n + ~!
m

(k + 1

2

). Ow-

ing to the fact that [â†â, Ĥ
F

] = 0, the post-quench

8

2.!10"6 4.!10"6 6.!10"6 8.!10"6 0.00001
Β

0.005

0.010

0.015

0.020

$F

0.00002 0.00004 0.00006 0.00008 0.0001
g

0.5

1.0

1.5

2.0

$F

2.!10
"6

4.!10
"6

6.!10
"6

8.!10
"6 0.00001

Β

0.00005

0.00010

0.00015

0.00020

10
"10
$ L

0 200 400 600 800 1000
!

0.00205

0.00210

0.00215

0.00220

10
"10
$ L

FIG. 6. Upper panel: Plot of the free energy di↵erence �F
as a function of the temperature � for g = 10�5!m (left plot),
and the scaled coupling strength g/!m for � = 10�7/~!m

(right plot). Lower panel: Plot of the irriversible work Wirr

(multiplied by a factor of 10�10) as a function of the scaled
temperature � · ~!m (left plot), and the dimensionless dis-
placement E (right plot); other parameters as above.

C. Quenched quadratic optomechanical interaction

We will consider now the case where the photon num-
ber operator of the cavity field is coupled to the square
of the position operator of the mirror. As before, we will
concentrate on the single-photon regime where we ob-
serve that interaction of a single photon with the mechan-
ical mode is enough to appreciably change its frequency
and also squeeze its state. In this instance, we can intro-
duce the single-photon coupling strength  through the
relation G(2) = /x2

zpf

, in analogy with the linear case.
The initial Hamiltonian H

I

is unmodified and still given
by Eq. (11), whereas the the post-quench Hamiltonian
now reads

Ĥ
F

= Ĥ
I

+ ~ â†â(b̂+ b̂†)2. (24)

We choose to work with a non-negative , since  < 0
can introduce post-quench instabilities similar to the one
noted for the linear case. The  > 0 case exhibits no
such instabilities. Yet again, we see that this interaction
preserves the photon number â†â, so that it proves con-
venient to write Ĥ

F

=
L1

n=0

Ĥ
F,n where each ĤF,n can

be cast in the form

Ĥ
F,n =

h

~!
c

n+ ~⌦n

�

b̂†b̂+ 1

2

�

+ ~⌃n

�

b̂† 2 + b̂2
�

i

|ni hn|
c

,

(25)
where ⌦n ⌘ !

m

+ 2n and ⌃n ⌘ n. Within each
such fixed photon-number manifold, we notice the ap-
pearance of a modified mechanical frequency, together
with a squeezing operator for the mechanical mode whose
argument is conditioned on the photon number. The evo-
lution operator relative to the post-quench Hamiltonian

can subsequently be expressed as

ei
ˆHFu/~ =

1
X

n=0

eiu[!cn+⌦n(
ˆb†ˆb+ 1

2 )+⌃n(
ˆb† 2

+

ˆb2)] |ni hn|
c

.

(26)
Our next task is to disentangle each exponential operator
in the sum. By using the commutation relations between
the operators involved in Eq. (26), which provide a two-
excitation realization of the su(1, 1) algebra, we find

e
i
~ ˆHF,nu = e

1

2

[⇠⇤n
ˆb2�⇠nˆb

†2
]ei⌘n(

ˆb†ˆb+
1

2

)ei!cun |ni hn|
c

, (27)

where

tan ⌘n ⌘ 1 + 2̃np
1 + 4̃n

tan
�

!
m

u
p
1 + 4̃n

�

(28)

with ̃ ⌘ /!
m

being a dimensionless quench parameter.
We further have ⇠n ⌘ |⇠n|ei�n whose phase is �n ⌘ ⌘n+

⇡
2

and modulus

|⇠n| ⌘ arcsinh

"

2̃np
1 + 4̃n

sin
�

!
m

u
p
1 + 4̃n

�

#

. (29)

The characteristic function of the work distribution thus
reads

�(u) =
1
X

n=0

Nn
c

(1 +N
c

)n+1

1
q

P

2

j=0

�n,jN
j
m

, (30)

which comes in the form of a thermal average with re-
spect to the cavity distribution—as in Eq. (15)—of alge-
braic functions. Each of the latter is the reciprocal of the
square-root of a second degree polynomial in the mean
number of phonons N

m

, whose coe�cients are concisely
related to each other. Indeed, we can split �n,0into its
real and imaginary parts, which read

Re(�n,0) = cos(!
m

u) cos(u
p
1 + 4̃n)

+
1 + 2̃np
1 + 4̃n

sin(!
m

u) sin
�

!
m

u
p
1 + 4̃n

�

,

(31)
and

Im(�n,0) = sin(!
u

) cos
�

!
m

u
p
1 + 4̃n

�

� 1 + 2̃np
1 + 4̃n

cos(!
m

u) sin
�

!
m

u
p
1 + 4̃n

�

.

(32)
We thus have �n,1 = 2(�n,0�1) and �n,2 = 2

⇥

Re(�n,0)�
1
⇤

. As before, since the Fourier transform of Eq. (30)
cannot be directly evaluated, in order to compute the
probability distribution of the work Eq. (2) we pro-
ceed by diagonalizing the post-quench Hamiltonian H

F

.
First, we keep in mind that Ĥ

I

is the same as be-
fore. However, within any fixed photon number man-
ifold, Ĥ

F,n be diagonalized via a squeezing operation

Ŝ(z) = exp(z⇤b̂2/2 � z b̂† 2/2) on the mechanical mode
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FIG. 7. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, HI,n, and post-quench, HF,n,
Hamiltonians for the n-photon manifold. Two possible tran-
sitions induced by the quench of the quadratic interaction—
having di↵erent values of �k = k0 � k—are shown as an ex-
ample.

conditioned on the photon number n. Once again denot-
ing the post-quench quantities with a prime, and express-
ing the states in the eigenbasis of H

I

, we find eigenstates
Ĥ

F,n |n0i
c

⌦ Ŝ(⇣n0) |k0i
m

= En0,k0 |n0i
c

⌦ Ŝ(⇣n0) |k0i
m

,
where the squeezing parameter is given by ⇣n0 ⌘ 1

4

log
⇥

1+
4(/!

m

)n0⇤, and the eigenvalue

En0,k0 = ~!
c

n0 + ~!
m

p

1 + 4(/!
m

)n0 (k0 + 1

2

) . (33)

As sketched in Fig. 7, for the manifold corresponding
to n0 photons, the quench results in a relative shift of
the mechanical levels by ~!

m

⇥

p

1 + 4(/!
m

)n0 � 1
⇤

, a
modification of the oscillation frequency to ⌦n0 , and a
squeezing of the state by a factor ⇣n0 . Putting everything
together, the probability distribution of the work is thus
given by

P (W ) =
X

n,n0,k,k0

p(c)n p
(m)

k |hk0|S(⇣n0) |ki|2

⇥ � [W � (En0,k0 � En,k)] �n,n0

=
X

n,k,k0

p(c)n p
(m)

k

k! k0!

(cosh ⇣n)2k+1

[S(k, k0, ⇣n)]2

⇥ �
�

W � ~!
m

⇥

r

1 +
4n

!
m

k0 � k
⇤ 

,

(34)

where S(k, k0, ⇣n) is given by

S(k, k0, ⇣n) =
b k0

2 c
X

m=0

b k
2 c
X

l=0

(�1)3m+2l

2m+l m! l!

(tanh ⇣n)m+l

(k � 2l)!

⇥ (cosh ⇣n)
2l�k0�2m,k�2l.

(35)

In order to characterise quantitatively the key features

FIG. 8. (Top panel) Left: Behaviour against the time-like
variable u of the real, Re(�) (solid blue), and imaginary,
Im(�) (dashed red), parts of the characteristic function for
mean number of cavity photons Nc = 0.001, mean num-
ber of phonons Nm = 1, and coupling strength g = 0.2!m.
Right: Logarithmic plot of the corresponding probability
distribution of the stochastic work variable, W . (Middle
panel) Same, but Nc = 0.1, Nm = 1, and g = 0.1!m. (Bottom
panel) Nc = 0.01, Nm = 10, and g = 0.8!m.

of the distribution of work, here we mention that the
average work generated by a quench of the quadratic op-
tomechanical Hamiltonian is then given by

hW i = ~N
c

(1 + 2N
m

), (36)

while its variance reads

hW 2i � hW i2 = ~22N
c

(3 + 5N
c

)(1 + 2N
m

)2 . (37)

Finally, it will be seen shortly that the probability dis-
tribution in the case of a quadratic quench is very asym-
metrical, with a skewness given by

� =
4 + 8N

c

+ (g/!
m

)(15 + 81N
c

+ 74N2

c

)(1 + 2N
m

)2

(g/!
m

)
p
N

c

(3 + 5N
c

)3/2(1 + 2N
m

)2
.

(38)
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of the distribution of work, here we mention that the
average work generated by a quench of the quadratic op-
tomechanical Hamiltonian is then given by

hW i = ~N
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(1 + 2N
m

), (36)

while its variance reads

hW 2i � hW i2 = ~22N
c

(3 + 5N
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)2 . (37)

Finally, it will be seen shortly that the probability dis-
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FIG. 9. Logarithmic plot of the probability distribution
of work corresponding to the parameters (Nc, Nm, g) =
(0.033, 9, 0.7!m). We also show the coarse grained version of
the work distribution (solid magenta line). The coarse grain-
ing is realized by convolving the discrete distribution with a
Gaussian function of standard deviation 0.7~!m.

At both very large and very small values of N
c

, the skew-
ness becomes independent of the strength of the quench.
Proceeding in the same manner as before, we can show
that the free energy can be cast in the form

�F = � 1

�
ln
⇥

sinh
�

�
2

�⇤

� 1

�
ln

" 1
X

n=0

Nn
c

cosech
�

q

1 + 4n
!m

�
2

�

(1 +N
c

)n+1

#

.

(39)

In this case, too, a suitable Wick-like rotation to imag-
inary u can be performed to obtain �F from �(u). In
practice, however, this calculation is frought with techni-
cal di�culties and it is far easier to compute �F from an
explicit diagonalisation of the Hamiltonian, as was done
above.

The probability distribution for the work done on the
oscillator in the case of a quadratic interaction, as derived
in this section, is illustrated for some representative cases
in Figs. 8 and 9. As in the linear case, is easier to extract
a physical meaning behind the various features of these
plots by inspecting the respective coarse-grained distribu-
tions. First, we see that the positive-W tail still exhibits
an approximately exponential decay. It is also apparent
that the distribution is, in this case, significantly more
skewed towards the right than in the linear case, which

can be understood simply through the fact that the post-
quench mechanical oscillator frequency is always larger ;
even for the case when k0 = k, therefore, which at least
for small /!

m

has a large probability of occurring, the
work done is positive.

IV. CONCLUSIONS AND OUTLOOK

The exploration of out-of-equilibrium features of small
systems working in the quantum regime is attract-
ing ever-increasing attention. Optomechanical systems,
more so than other systems, o↵er the tantalizing perspec-
tive of naturally bridging the study of quantum thermo-
dynamics with the macroscopic domain. However, a de-
tailed analysis of the thermodynamical properties of such
systems, carried out at a fundamental level and retain-
ing the full nonlinearity of the interaction, has not been
conducted thus far. In this work we discussed the genera-
tion of work induced by a non-equilibrium transformation
in an isolated optomechanical system, quantitatively as-
sessing how an instantaneous quench of the light–matter
coupling a↵ects the thermodynamical response of the sys-
tem. Our study was grounded through several analytic
results, presenting expressions for both the characteristic
function of the work distribution and the full statistics of
the work generated for two di↵erent situations of much
relevance for current and future optomechanical experi-
ments. For a quench of linear coupling between light and
the position of an oscillator, we found that no work is
generated on average, whilst quenching a quadratically-
copuled optomechanical interaction requires work to be
performed on the system.
Besides being interesting in itself, and allowing for a

full analytical treatment, the scenario we addressed com-
prises the fundamental ingredients necessary in order to
gain knowledge about the microscopic origin of the work
generated by quenching an optomechanical interaction,
from a fully quantum perspective. An in-depth under-
standing of the thermodynamical response of such an
isolated quantum system represents the cornerstone for
future investigations. For instance, the implementation
of protocols for extracting work out of such systems will
require benchmarks based on the analysis that we have
performed here, which will in turn be necessary to help
uncover fundamental advantages or limitations for pos-
sible future thermal machines working in the quantum
regime and that exploit the optomechanical interaction.
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It is customary to divide by !t and write, instead

dS
dt

= "(t) − #(t). (1)

In this equation, "(t) is the entropy production rate of the system, which is always non-
negative, and #(t) is the entropy flux rate from the system to the environment. For systems in
a non-equilibrium steady state (NESS), we have dS/dt = 0, which implies

"0 = #0 ! 0.

It is only in thermodynamic equilibrium that the inequality in this equation becomes an
equality.

Traditionally, non-equilibrium thermodynamics was founded on the basis of conservation
equations. Nowadays, however, it has been realized that there are several advantages in using
stochastic processes instead. For instance, by comparing forward and backward experiments,
it enables one to relate the entropy production directly to the stochastic trajectories of the
system [2–5]. When describing a non-equilibrium system in terms of stochastic processes,
much of the focus has naturally been on Markovian dynamics, in particular using the master
equation [2, 3, 6–8] or the Fokker–Planck approach [4, 9, 10], which will be the choice for this
paper. We also note that non-Markovian dynamics have also been recently investigated [11].

Several formulas for the entropy production rate have been derived for both
representations. In all cases, however, these are written in terms of integrals involving
probability currents (cf section 3). Thus, they are not easily computed in most situations.
In this paper, we will focus on linear Langevin systems; i.e., where all terms appearing in
the stochastic differential equations are linear in the independent variables. First of all, one
must always emphasize the importance of linear systems in view of the many circumstances
in which they appear in nature. Moreover, we will show that, for such systems, it is possible
to obtain exact formulas for the entropy production rate in terms of the means and variances
of the independent variables. This enables one to study more complex situations, which are
prohibitive for nonlinear systems. In fact, with the scheme to be derived below, it is possible
to implement extremely efficient numerical procedures to study the entropy production even
in large-scale systems.

The entropy production gives an insight into the properties of systems out of equilibrium.
And with the formulas developed in this paper, it becomes simple to compute the entropy
production even for the most complex linear systems. Moreover, these results are not restricted
to the steady state as in most recent papers, but also naturally include the time dependence.
We thus hope that these results are of value to deepen our understanding of non-equilibrium
physics.

When discussing entropy production, it is paramount to distinguish between variables
that are even and odd under time reversal. With this in mind, we shall illustrate our results by
applying them to electrical circuits. These are excellent platforms for this type of problem,
since they contain mixed even (charge and voltage) and odd (current) variables. These studies
trace back to the works of Landauer [12], and the discussion about the differences between
the minimum entropy principle and the maximum entropy principle. They were also recently
discussed in [13] using the Onsager–Machlup Lagrangian [14].

The problem and the basic underlying equations will be stated in section 2. General
remarks about the entropy production rate will be given in section 3 and the derivation of the
formulas for linear systems will be carried out in section 4. Some of the lengthier calculations
were postponed to the appendix. The applications in electrical circuits are contained in section 5
and the conclusions in section 6.
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Entropy 
production rate

Entropy  
flux rate into  

the environment

2

c d

ba

a b

(a) (b)

(c) (d)

FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !

a

= !
c

� !
p

and
!

b

(here !
c

is the frequency of the cavity field). Their
interaction is described by the Hamiltonian

Ĥ =
~!

a

2
(�q̂2

a

+ �p̂2

a

)+
~!

b

2
(�q̂2

b

+ �p̂2

b

)+~g
ab

�q̂
a

�q̂
b

, (2)

where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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I. STATEMENT OF THE PROBLEM

We consider a movable mirror in a Fabry-Perot cavity coupled via radiation pressure to the cavity field and in
contact with a heat bath at a temperature T . The mirror is modeled as a harmonic oscillator with frequency !,
dimensionless quadratures q and p. The Hamiltonian of the system is chosen to be

H =
~!
2

(p2 + q2) + ~(!
c

� gq)a†a + i~E(a†e�i!0t � aei!0t) (1)

where a† and a are the creation and annihilation operators of the cavity mode, with frequency !
c

. The coupling

between the cavity and the mirror is described by the parameter g = !c
L

q
~

m!

, where L is the length of the cavity

and m is the mass of the mirror. Finally, the last term in Eq. (1) describes the pumping process by an external laser
field at frequency !0. We have introduced the coupling rate E =

p
2P/~!0, where P is the laser power and  the

decay rate.
In the Heisenberg picture, we may write a system of coupled non-linear quantum Langevin equations for q, p and

a. By assuming a su�ciently large power P , we may linearise such equations by expanding each operator at first
order around its classical mean value. By focusing on the quadrature operators of the mirror and those of the cavity
�x = (�a† + �a)/

p
2 and �y = i(�a† � �a)/

p
2, we have

u̇(t) = Au + N(t) (2)

where u(t) = (�q, �p, �x, �y),

A =

0

B@

0 ! 0 0
�! �� G 0
0 0 � �
G 0 �� �

1

CA (3)

and

N(t) = (0, ⇠(t),
p

2xin,
p

2yin). (4)

The latter is a vector of noise terms. In these equations � is the damping constant of the mirror, � is the cavity
detuning and G =

p
2Eg/

p
2 + �2. System (2) is linear. Hence, its state will be Gaussian and thus entirely

determined by its first two statistical moments. The operators in u(t) correspond only to the quantum fluctuations
and hence have, by definition, zero mean. As for the second moments, we define the 4 ⇥ 4 covariance matrix � as

�
ij

(t) =
1

2
h{u

i

(t), u
j

(t)}i. (5)

It can be shown directly from Eq. (2) that � satisfies the Lyapunov equation

d�

dt
= A� + �AT + D, (6)

where D = diag(0, �(2n̄ + 1), , ) and n̄ = 1/[e~!/kBT � 1].
At t = 0 the cavity and mirror are uncoupled. The former is in a coherent state and the latter is in thermal

equilibrium with its heat bath. Hence the covariance matrix at t = 0 is

�0 = diag

✓
n̄ +

1

2
, n̄ +

1

2
,
1

2
,
1

2

◆
. (7)

The interaction is then turned on at t = 0, causing the system to evolve toward a non-equilibrium steady-state
(NESS). The covariance matrix �

s

of the NESS is a solution of Eq. (6) with d�
s

/ dt = 0:

A�
s

+ �
s

AT = �D (8)
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FIG. 10: Steady-state entropy production rate, Eq. (27) vs. � for di↵erent values of !.

For the present set of parameters it is possible to find a simpler formula that describes ⇧
s

for all values of � with
an accuracy of less than 0.1%. The formula is

⇧
s

' ⇧
a

:=
G2

�
�2 + 2

�

2� [! (�2 + 2) � �G2]

1

1 + �r
(31)

where

r =
(�2 + 2 � !2)2 + 42!2

2G2�!
(32)

The last term, 1/(1+�r) is negligible for most values of �. It only becomes important when � ! 0, where it ensures
that ⇧

a

tends to a finite value (as does ⇧
s

). In fact, when � ! 0 Eq. (31) tends to

⇧
a

(� ! 0) =
G42

�(2 + !2)2
(33)

The complete expression ⇧
s

also tends to this limit, provided we take only the term to first order in �/.

VI. DICKE MODEL

We have seen in the previous sections that the formalism outlined is not limited to the optomechanical setup. The
idea can be applied in principle to any physical situation in which the system can be described by linear quantum
Langevin equations for the quadrature operators, with a positive Wigner function. A suitable scenario in which this
happens is for example that of the Dicke model which describes the interaction of a system of N two level atoms
identically coupled to a cavity field mode. We will use the same notation and conventions used in [2], so we start with
the Hamiltonian of the Dicke model in the form

Ĥ = !0Ĵz

+ !â†â +
2�p
N

�
â + â†� (Ĵ

x

+ ⇣) (34)

where we have taken into account the possibility to have an explicit symmetry breaking field ⇣ 2 R. As usual we
have defined collective atomic angular momentum operators Ĵ

↵

(↵ = x, y, z) and bosonic field mode operators â and
â†. We can define the mean fields

hâi = ↵, hĴ�i = �, hĴ
z

i = w (35)
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INTRODUCTION

The physical system is a BEC of N atoms inside an
ultrahigh-finesse optical cavity. The atoms are pumped
transversally with a far-detuned standing-wave laser
field. Image in Fig. 1 is from Ref. [1]. A transverse pump
field (red) couples an excited momentum mode of a BEC
(blue) to a cavity mode via collective light scattering at
rate �. Photons escape the cavity through a loss chan-
nel at rate . Density fluctuations are inferred from the
detected cavity output field.

FIG. 1: Experimental scheme.

It has been shown in Ref. [2] that the Hamiltonian of
this system, for the closed case, maps to the Dicke model,
which will be described in the following sections.

DICKE MODEL WITH ONLY CAVITY
DISSIPATION

The Dicke Hamiltonian describes the coupling between
an ensemble of N two-level atoms and a single cavity
mode. Let’s start with the Hamiltonian of the Dicke
model in the form

Ĥ = !
0

Ĵ
z

+ !â†â +
2�p
N

�
â + â†� (Ĵ

x

+ ⇣) (1)

where we have taken into account the possibility to have
an explicit symmetry breaking field ⇣ 2 R. As usual we
have defined collective atomic angular momentum oper-
ators Ĵ

↵

(↵ = x, y, z) and bosonic field mode operators
â and â†. We can define the mean fields

hâi = ↵, hĴ�i = �, hĴ
z

i = w (2)

and write the semiclassical equations of motion including
a cavity decay at rate 

↵̇ = �( + i!)↵ � i
�p
N

(� + �⇤ + 2⇣)

�̇ = �i!
0

� + 2i
�p
N

(↵ + ↵⇤) w

ẇ = i
�p
N

(↵ + ↵⇤)(� � �⇤).

(3)

Using the angular momentum conservation w2 + |�|2 =
N2/4, we get the steady-state equations:

�
ss

=

✓
�

�
cr

◆
2

(�
ss

+ ⇣)

r
1 � 4

�2

ss

N2

↵
ss

=
2�

i � !

(�
ss

+ ⇣)p
N

,

(4)

where the critical coupling strength is �
cr

=
1

2

p
!0
!

(2 + !2) for ⇣ = 0. It is important to notice that
�

ss

is real and �
ss

= O(N), while ↵
ss

is complex and
↵

ss

= O(
p

N). Now we want to rewrite the Hamilto-
nian explicitly in terms of the operators which represent
displacements of atomic and field operators with respect
to the stationary values of the respective mean fields �

ss

and ↵
ss

. It is convenient to apply the Holstein-Primako↵
transformation:

Ĵ
+

= b̂†
q

N � b̂†b̂, Ĵ� =

q
N � b̂†b̂ b̂, Ĵ

z

= b̂†b̂ � N

2
,

(5)
and then introduce the fluctuations operators:

�â = â � e↵, �b̂ = b̂ �
e�p
N

, (6)

where e↵ and e� are the steady state mean fields of the
operators â and b̂ respectively. We recognise e↵ = ↵

ss

and, as we want to consider the thermodynamic limit
N >> 1, we have

e�

s

1 �
e�2

N2

= �
ss

. (7)

With these definitions the leading term for the time evo-
lution of the density matrix of the total system in the
thermodynamical limit is given by:

d⇢̂

dt
= �i

h
Ĥ 0, ⇢̂

i
+ L0(⇢̂) (8)

where the Hamiltonian is

Ĥ 0 = f!
0

�b̂†�b̂ + !�â†�â + e�(�â + �â†)(�b̂ + �b̂†)

� µ
⇣
�b̂ + �b̂†

⌘
2

+ const.
(9)
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !

a

= !
c

� !
p

and
!

b

(here !
c

is the frequency of the cavity field). Their
interaction is described by the Hamiltonian

Ĥ =
~!

a

2
(�q̂2

a

+ �p̂2

a

)+
~!

b

2
(�q̂2

b

+ �p̂2

b

)+~g
ab

�q̂
a

�q̂
b

, (2)

where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
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degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
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optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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of the respective pump
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 
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On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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of the respective pump
fields, the oscillators have frequencies !
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Ĥ =
~!

a

2
(�q̂2

a

+ �p̂2

a

)+
~!

b

2
(�q̂2

b

+ �p̂2

b

)+~g
ab

�q̂
a

�q̂
b

, (2)

where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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of the respective pump
fields, the oscillators have frequencies !
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 
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.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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of the respective pump
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 
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.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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optomechanical experiment, while in the cavity-BEC setup it depends on the actual working point [see SI for details]. Here, m
is the e↵ective mass of the mechanical oscillator, and N is the number of 87Rb atoms in the BEC.

of quantum Brownian motion. In the cavity-BEC system,
dissipation is due to the collection of excited Bogolioubov
modes, which provides a bath for the condensate. In
both cases, we assume oscillator b to be in contact with
a Markovian bath at temperature T

b

and rate �
b

. The
average number of excitations in the equilibrium state of
oscillator b is thus n

Tb = (e~!b/kBTb �1)�1 (cf. Ref [26]).
The driven-dissipative nature of the systems is such that
a NESS is eventually reached [11, 21].

The linear dynamics undergone by the coupled oscilla-
tors allows us to exploit a framework developed for linear
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Density noise spectrum (DNS) of the phase quadrature of
the output cavity field, attenuated before detection, for the
optomechanical setup. The dark blue curve refers to a value of
the rescaled coupling gab/a = 0.49, while the light-blue curve
to gab/a = 2.29. In dark blue fits of the DNS are shown.
Notice that the power spectrum is originally dimensionless,
and has been here converted to SI units for uniformity of
notation. Panel (b): DNS of the extra-cavity field for the
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2 = 0.93. In dark
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stochastic processes [22], and to write the entropy pro-
duction rate in the NESS due to the quantum fluctua-
tions as (see SI)
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of the two oscillators in excess of the zero-point motion of
the respective harmonic oscillator. In the optomechanical
expression for µ
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, instead of the full phonon number n
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,
only the momentum variance h�p̂2
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enters because we as-
sume Brownian motion damping. Eq. (17) represents our
main theoretical result: it quantifies the entropic contri-
bution, ascribable to the quantum fluctuations that the
system has to pay to remain in its NESS. It thus directly
quantifies the irreversibility of the driven-dissipative dy-
namics of two linearly coupled quantum oscillators. For
vanishing coupling the systems reach thermal equilibrium
(i.e. n

a

= 0 and n
b

= n
Tb), and ⇧

s

vanishes. More-
over, there is no dependence on the correlations between
the oscillators, since in a NESS the entropy production
rate ⇧
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equals the flux rate �
s

. Thus, the entropy flux
from the system to the overall environment determines
the amount of irreversibility produced within the driven-
dissipative model. The previous considerations also allow
us to identify two contributions to ⇧

s

, linked to the me-
chanical/atomic and optical oscillator, referred to as µ

a

and µ
b

, respectively. Taken individually, they are not en-
tropy production rates for subsystem j = a, b, inasmuch
as they do not meet the requirements of positivity. This
is made apparent by looking at the mechanical contribu-
tion to ⇧

s

in Eq. (17), which can take negative values.
The dissipative evolution arising from the contact with
the environments is manifested explicitly in Eq. (17) by
the presence of the rates �

b

and 
a

. In both settings,
the mechanical/atomic damping rate �

b

is much smaller
than the cavity decay rate 
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, as can be appreciated from
Table I.

A general formulation of entropy production demands
the knowledge of the global state of the system [24].
However, ⇧

s

evaluated for the linearised dynamics in
Eq. (18) only involves the mean excitations of the os-
cillators [22]. For the experimental regime of interest,
the dynamics of the cavity field adiabatically follows the
mechanical/atomic mode. By measuring the light field
leaking out of the cavity we thus can infer about both µ

a

and µ
b

. For both experimental setups, the coupling g
ab

is
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The driven-dissipative nature of the systems is such that
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stochastic processes [22], and to write the entropy pro-
duction rate in the NESS due to the quantum fluctua-
tions as (see SI)
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main theoretical result: it quantifies the entropic contri-
bution, ascribable to the quantum fluctuations that the
system has to pay to remain in its NESS. It thus directly
quantifies the irreversibility of the driven-dissipative dy-
namics of two linearly coupled quantum oscillators. For
vanishing coupling the systems reach thermal equilibrium
(i.e. n
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= 0 and n
b

= n
Tb), and ⇧

s

vanishes. More-
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. Thus, the entropy flux
from the system to the overall environment determines
the amount of irreversibility produced within the driven-
dissipative model. The previous considerations also allow
us to identify two contributions to ⇧
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, linked to the me-
chanical/atomic and optical oscillator, referred to as µ
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, respectively. Taken individually, they are not en-
tropy production rates for subsystem j = a, b, inasmuch
as they do not meet the requirements of positivity. This
is made apparent by looking at the mechanical contribu-
tion to ⇧
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in Eq. (17), which can take negative values.
The dissipative evolution arising from the contact with
the environments is manifested explicitly in Eq. (17) by
the presence of the rates �
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and 
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is much smaller
than the cavity decay rate 
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, as can be appreciated from
Table I.

A general formulation of entropy production demands
the knowledge of the global state of the system [24].
However, ⇧

s

evaluated for the linearised dynamics in
Eq. (18) only involves the mean excitations of the os-
cillators [22]. For the experimental regime of interest,
the dynamics of the cavity field adiabatically follows the
mechanical/atomic mode. By measuring the light field
leaking out of the cavity we thus can infer about both µ
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and µ
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. For both experimental setups, the coupling g
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is

2

c d

ba

a b

(a) (b)

(c) (d)

FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !
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of the respective pump
fields, the oscillators have frequencies !
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(here !
c

is the frequency of the cavity field). Their
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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optomechanical experiment, while in the cavity-BEC setup it depends on the actual working point [see SI for details]. Here, m
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of quantum Brownian motion. In the cavity-BEC system,
dissipation is due to the collection of excited Bogolioubov
modes, which provides a bath for the condensate. In
both cases, we assume oscillator b to be in contact with
a Markovian bath at temperature T

b

and rate �
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. The
average number of excitations in the equilibrium state of
oscillator b is thus n

Tb = (e~!b/kBTb �1)�1 (cf. Ref [26]).
The driven-dissipative nature of the systems is such that
a NESS is eventually reached [11, 21].

The linear dynamics undergone by the coupled oscilla-
tors allows us to exploit a framework developed for linear
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FIG. 2. Experimental density noise spectra. Panel (a):
Density noise spectrum (DNS) of the phase quadrature of
the output cavity field, attenuated before detection, for the
optomechanical setup. The dark blue curve refers to a value of
the rescaled coupling gab/a = 0.49, while the light-blue curve
to gab/a = 2.29. In dark blue fits of the DNS are shown.
Notice that the power spectrum is originally dimensionless,
and has been here converted to SI units for uniformity of
notation. Panel (b): DNS of the extra-cavity field for the
cavity-BEC system at a coupling (gab/g
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2 = 0.93. In dark
red a fit of the DNS is shown.

stochastic processes [22], and to write the entropy pro-
duction rate in the NESS due to the quantum fluctua-
tions as (see SI)
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of the two oscillators in excess of the zero-point motion of
the respective harmonic oscillator. In the optomechanical
expression for µ
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only the momentum variance h�p̂2
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enters because we as-
sume Brownian motion damping. Eq. (17) represents our
main theoretical result: it quantifies the entropic contri-
bution, ascribable to the quantum fluctuations that the
system has to pay to remain in its NESS. It thus directly
quantifies the irreversibility of the driven-dissipative dy-
namics of two linearly coupled quantum oscillators. For
vanishing coupling the systems reach thermal equilibrium
(i.e. n

a

= 0 and n
b

= n
Tb), and ⇧

s

vanishes. More-
over, there is no dependence on the correlations between
the oscillators, since in a NESS the entropy production
rate ⇧

s

equals the flux rate �
s

. Thus, the entropy flux
from the system to the overall environment determines
the amount of irreversibility produced within the driven-
dissipative model. The previous considerations also allow
us to identify two contributions to ⇧

s

, linked to the me-
chanical/atomic and optical oscillator, referred to as µ

a

and µ
b

, respectively. Taken individually, they are not en-
tropy production rates for subsystem j = a, b, inasmuch
as they do not meet the requirements of positivity. This
is made apparent by looking at the mechanical contribu-
tion to ⇧

s

in Eq. (17), which can take negative values.
The dissipative evolution arising from the contact with
the environments is manifested explicitly in Eq. (17) by
the presence of the rates �

b

and 
a

. In both settings,
the mechanical/atomic damping rate �

b

is much smaller
than the cavity decay rate 

a

, as can be appreciated from
Table I.

A general formulation of entropy production demands
the knowledge of the global state of the system [24].
However, ⇧

s

evaluated for the linearised dynamics in
Eq. (18) only involves the mean excitations of the os-
cillators [22]. For the experimental regime of interest,
the dynamics of the cavity field adiabatically follows the
mechanical/atomic mode. By measuring the light field
leaking out of the cavity we thus can infer about both µ
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. For both experimental setups, the coupling g
ab

is

2

c d

ba

a b

(a) (b)

(c) (d)

FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂
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and �p̂
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the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 
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.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 3. Experimental assessment of the irreversible entropy production rate ⇧s at the NESS for (a) the optomechanical
system and (b) the cavity BEC system. In the optomechanical system, gab is twice the standard optomechanical coupling
rate [11] (see SI). For the cavity-BEC setup, the control parameter gab is renormalised with respect to the critical parameter
gcrab =

p
(2

a + !2
a)!b/4!a. The insets show the behaviour of µb in each of the settings considered. In both panels, the solid

black lines show the theoretical predictions based on the values given in Table I. The blue and red dots show the experimental
data for the optomechanical and cavity-BEC experiment, respectively. In panel (a), the vertical error bars report statistical
errors extracted from the fit, while the horizontal ones show experimental error on the values of the parameter. In panel
(b), the vertical and horizontal error bars report the statistical errors from the fit and the determination of the critical point,
respectively [20].

varied by increasing the power of the pump. The density
noise spectrum (DNS) of the cavity field quadratures is
recorded [20, 23]. Typical examples of the experimen-
tal DNS, together with the fitting curves used for their
analysis, are shown in Fig. 2. In the optomechanics ex-
periment, the datasets are taken for !

a

= !
b

, which is
the working point where the cooling of the mechanical
resonator is most e↵ective. In the cavity-BEC experi-
ment, on the other hand, the parameters are !

a

� !
b

,
resulting in only a tiny admixture of the optical sub-
system. A further di↵erence between the two platforms
is in the way the two oscillators are populated: in the
optomechanical case, we have n

b

� n
a

for the lowest
coupling values, while they become comparable in size
for the maximum cooling achieved. In the cavity-BEC
setup, the cavity field is considerably less populated than
the atomic mode. Finally, the mechanical bath is at room
temperature, while the temperature of the atomic reser-
voir is below the condensation point and in the nK range
(cf. Table I). This highlights and reinforces the diversity
of the experimental platforms that we have addressed
within a unique framework for the quantification of irre-
versible entropy.

Following the technical approach illustrated in SI, we
have separately reconstructed the two terms µ

a

and µ
b

that determine quantitatively ⇧
s

. Figure 3 displays the
experimental data together with the theoretical model,
demonstrating excellent quantitative agreement. Besides
the influences of the environments, an important contri-
bution to the entropy production rates results from the
interplay between the mutual dynamics of the oscillators.
For the optomechanical system, the contribution to ⇧

s

we observe from the mechanical oscillator is much smaller

than the one coming from the optical field. On the con-
trary, µ

a

' µ
b

in the atomic setup. For each of the two
experiments ⇧

s

is positive, in agreement with the sec-
ond law. In the optomechanics setup, µ

a

is an increasing
function of the coupling: the stronger the pump, the fur-
ther the system operates away from thermal equilibrium
and the more entropy is generated. At the same time,
µ

b

takes negative values, whose magnitude increases for
increasing values of g

ab

. This is fully legitimate as µ
b

is not per se an entropy production rate. The observed
behaviour of µ

b

is a signature of optomechanical cool-
ing: its growth, in absolute value, with g

ab

shows the in-
crease of the entropy flow from the mechanical resonator
to the cavity field, corresponding to lowering of the e↵ec-
tive temperature of the resonator. As for the cavity-BEC
system, the divergent behaviour of the entropy produc-
tion rate at the critical point reflects the occurrence of
the structural phase transition: at gcr

ab

, the known di-
vergence of the populations of the two oscillators at the
steady-state [25] results in the singularity of both µ

a

and
µ

b

separately. The irreversible entropy production rate
thus diverges at criticality.

Our theoretical approach enables the first experimen-
tal assessment of an important indicator of irreversibility,
the entropy production rate, in driven-dissipative quan-
tum systems operating at the steady-state. The two ex-
perimental setups, being prominent instances of meso-
scopic systems undergoing quantum dynamics, allowed
us to link the phenomenology of the entropy production
rate to the rich features of their physics.

We are grateful to M. Aspelmeyer, T. Esslinger, J.
Goold, I. Lesanovsky, E. Lutz, and J. Schmiedmayer for
useful comments and fruitful discussions during the de-
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !

a

= !
c

� !
p

and
!

b

(here !
c

is the frequency of the cavity field). Their
interaction is described by the Hamiltonian
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 3. Experimental assessment of the irreversible entropy production rate ⇧s at the NESS for (a) the optomechanical
system and (b) the cavity BEC system. In the optomechanical system, gab is twice the standard optomechanical coupling
rate [11] (see SI). For the cavity-BEC setup, the control parameter gab is renormalised with respect to the critical parameter
gcrab =

p
(2

a + !2
a)!b/4!a. The insets show the behaviour of µb in each of the settings considered. In both panels, the solid

black lines show the theoretical predictions based on the values given in Table I. The blue and red dots show the experimental
data for the optomechanical and cavity-BEC experiment, respectively. In panel (a), the vertical error bars report statistical
errors extracted from the fit, while the horizontal ones show experimental error on the values of the parameter. In panel
(b), the vertical and horizontal error bars report the statistical errors from the fit and the determination of the critical point,
respectively [20].

varied by increasing the power of the pump. The density
noise spectrum (DNS) of the cavity field quadratures is
recorded [20, 23]. Typical examples of the experimen-
tal DNS, together with the fitting curves used for their
analysis, are shown in Fig. 2. In the optomechanics ex-
periment, the datasets are taken for !

a

= !
b

, which is
the working point where the cooling of the mechanical
resonator is most e↵ective. In the cavity-BEC experi-
ment, on the other hand, the parameters are !

a

� !
b

,
resulting in only a tiny admixture of the optical sub-
system. A further di↵erence between the two platforms
is in the way the two oscillators are populated: in the
optomechanical case, we have n

b

� n
a

for the lowest
coupling values, while they become comparable in size
for the maximum cooling achieved. In the cavity-BEC
setup, the cavity field is considerably less populated than
the atomic mode. Finally, the mechanical bath is at room
temperature, while the temperature of the atomic reser-
voir is below the condensation point and in the nK range
(cf. Table I). This highlights and reinforces the diversity
of the experimental platforms that we have addressed
within a unique framework for the quantification of irre-
versible entropy.

Following the technical approach illustrated in SI, we
have separately reconstructed the two terms µ

a

and µ
b

that determine quantitatively ⇧
s

. Figure 3 displays the
experimental data together with the theoretical model,
demonstrating excellent quantitative agreement. Besides
the influences of the environments, an important contri-
bution to the entropy production rates results from the
interplay between the mutual dynamics of the oscillators.
For the optomechanical system, the contribution to ⇧

s

we observe from the mechanical oscillator is much smaller

than the one coming from the optical field. On the con-
trary, µ

a

' µ
b

in the atomic setup. For each of the two
experiments ⇧

s

is positive, in agreement with the sec-
ond law. In the optomechanics setup, µ

a

is an increasing
function of the coupling: the stronger the pump, the fur-
ther the system operates away from thermal equilibrium
and the more entropy is generated. At the same time,
µ

b

takes negative values, whose magnitude increases for
increasing values of g

ab

. This is fully legitimate as µ
b

is not per se an entropy production rate. The observed
behaviour of µ

b

is a signature of optomechanical cool-
ing: its growth, in absolute value, with g

ab

shows the in-
crease of the entropy flow from the mechanical resonator
to the cavity field, corresponding to lowering of the e↵ec-
tive temperature of the resonator. As for the cavity-BEC
system, the divergent behaviour of the entropy produc-
tion rate at the critical point reflects the occurrence of
the structural phase transition: at gcr

ab

, the known di-
vergence of the populations of the two oscillators at the
steady-state [25] results in the singularity of both µ

a

and
µ

b

separately. The irreversible entropy production rate
thus diverges at criticality.

Our theoretical approach enables the first experimen-
tal assessment of an important indicator of irreversibility,
the entropy production rate, in driven-dissipative quan-
tum systems operating at the steady-state. The two ex-
perimental setups, being prominent instances of meso-
scopic systems undergoing quantum dynamics, allowed
us to link the phenomenology of the entropy production
rate to the rich features of their physics.

We are grateful to M. Aspelmeyer, T. Esslinger, J.
Goold, I. Lesanovsky, E. Lutz, and J. Schmiedmayer for
useful comments and fruitful discussions during the de-
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !

a

= !
c

� !
p

and
!

b

(here !
c

is the frequency of the cavity field). Their
interaction is described by the Hamiltonian

Ĥ =
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, (2)

where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !
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and
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(here !
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interaction is described by the Hamiltonian
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where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms

2

c d

ba

a b

(a) (b)

(c) (d)

FIG. 1. Schematic diagrams of the entropy production pro-
cess and the configuration of the system: (a) The driven-
dissipative system, consisting of the coupled subsystems a
and b, reaches a NESS with an associated entropy production
rate ⇧s and an entropy flux �s from the system to the en-
vironment. (b) Both systems can be modelled as two quan-
tum harmonic oscillators at frequencies !a and !b, linearly
coupled with a strength gab. Each oscillator is coupled to
independent local baths at temperature Ta and Tb, respec-
tively. The corresponding coupling rates are a and �b. The
oscillators can be pumped by an external field (purple and
orange arrows in the figure). (c) Optomechanical setup: a
micro-mechanical oscillator (�q̂b) is coupled to the field mode
of an optical Fabry-Perot cavity (�q̂a). For this setup only
the cavity is pumped. (d) Cavity-BEC setup: the external
degree of freedom of a BEC (�q̂b) is coupled to the field mode
of a cavity (�q̂a). For this setup only the atoms are pumped.
Red and blue wiggly lines indicate heating or cooling of the
subsystems via coupling to the baths. In both setups, Ta = 0.

optomechanical device and a BEC with cavity-mediated
long-range interactions [11–13]. The required measure-
ments are based on the spectra of the light fields leaking
out of the respective cavities. Remarkably, the entropy
production reflects the specific features of the two ex-
perimental platforms addressed in our study, which are
very di↵erent in nature despite the common description
provided here.

In cavity-optomechanical systems, the cavity photon
number is coupled to the position of the mechanical os-
cillator (see Fig. 1(c)). Our specific implementation uses
a Fabry-Perot cavity. One of its mirrors is a doubly
clamped, highly reflective, mechanical cantilever. Ra-
diation pressure couples the intra-cavity photon number
to the position of the cantilever. The mechanical support
of the cantilever provides a local heat bath at room tem-
perature. The optical cavity is driven by a laser that is
red-detuned by the mechanical frequency from the opti-
cal cavity resonance. For a driving laser without classi-
cal noise, the cavity mode is coupled to a zero-excitation
heat bath. We observe sideband cooling of the mechan-
ical motion [14–17] and, for large drive powers, strong
optomechanical coupling [18, 19]. To analyse the entropy
production rate of the cavity-optomechanical system, we
measure the light reflected o↵ the cavity via homodyne

detection.
Also in the second implementation, the two coupled

harmonic oscillators correspond to a light field mode cou-
pled to a mechanical degree of freedom (see Fig 1(d)).
We load a BEC into a high-finesse optical cavity and
illuminate the atoms with a standing-wave transverse
laser field. Far-o↵ resonant scattering of photons from
the laser field into a near-detuned, initially empty cavity
field mode, couples the zero-momentum mode of the BEC
to an excited momentum mode. The scattering process
mediates e↵ective atom-atom interactions, which are of
long-range, since the photons are delocalized in the cav-
ity mode [13]. This interaction is tunable in strength via
the power of the transverse laser beam. The long-range
interaction can be brought to competition with the ki-
netic energy of the atoms, resulting in a structural phase
transition. In the spatially homogeneous phase, for in-
creasing interaction, the energy of the excited momentum
mode softens, until at a critical interaction strength the
system breaks a discrete symmetry and the atoms ar-
range in a spatially modulated density distribution. The
equivalence of this system to a Dicke model has been
demonstrated in Ref. [12]. We measure the cavity light
field leaking through the mirrors with a heterodyne de-
tection setup. The spectral analysis of this signal is used
to infer the diverging amount of atomic density fluctua-
tions accompanying the structural phase transition [20].

In both cases, the e↵ective interaction between the os-
cillators is obtained by a harmonic expansion of the field
operators around their mean values, resulting in two lin-
early coupled quantum oscillators (see Fig. 1(b)). We
denote with �q̂

a,b

and �p̂
a,b

the position and momentum
fluctuation operators around the mean-field values of the
two oscillators. In what follows, a and b refer to the opti-
cal and mechanical/atomic oscillators, respectively. In a
frame rotating at the frequency !

p

of the respective pump
fields, the oscillators have frequencies !

a

= !
c

� !
p

and
!

b

(here !
c

is the frequency of the cavity field). Their
interaction is described by the Hamiltonian

Ĥ =
~!

a

2
(�q̂2

a

+ �p̂2

a

)+
~!

b

2
(�q̂2

b

+ �p̂2

b

)+~g
ab

�q̂
a

�q̂
b

, (2)

where g
ab

is the coupling strength between the modes. In
the superradiant phase of the Dicke model, an additional
squeezing term of the atomic mode must be included in
the Hamiltonian [13]. For the derivation of the models
and the values of the parameters in the two setups, we
refer to the Supplementary Information (SI) and to Ta-
ble I. The systems are inherently open: each harmonic
oscillator is independently coupled to a local bath. This
provides both a dissipation channel and extra quantum
fluctuations in addition to those present in the closed
systems. The optical cavity mode is coupled to the sur-
rounding electromagnetic vacuum with a decay rate 

a

.
On the other hand, the nature of the mechanical/atomic
bath is specific to the setup being considered. In the op-
tomechanical system, the coupling of the vibrating mirror
to the background of phonon modes is described in terms
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