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Kolmogorov, probabillity theory, 1933

(2,8, P), Q#£10,S o-algebra (i) Q2 € S, (ii)
AeS, thenQ\AeS, (ii)A, eS8, n>1,
then ), A, € S.

P:S —[0,1] () P(Q) = 1, (ii)

P(U, An) = 50 P(A0), AiO A =0, # .
0w(A) = 1iff w € A otherwise = 0

the set probability measures P(S) £ ()

observable: f: Q - R, s.t. f1(F) € S,
FE € B(R) - measurable
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the mapping z(E) := fY(F) : B[R) = Sis a
oc-homomorphism preserving (), z(R) = €,
complements, and countable unions.

Conversely; for every o-homomorphism
r: B(R) — § 3! measureblae function f

r; = x((—00,t),t € R

1,792, ...

( inf{r; :w ez, } ifwell, A,

f(w):< 0 o o o 1fw.¢UnAn o o .
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Quantum Mechanics

new physics, beginning 20th century
Newton mechanics fails in the micro world
Heisenberg Uncertainty Principle

os(x)os(y) > h > 0.

r-momentum, y position of elementary
particle, s state -probability measure

for classical mechanics

igf(as(x)as(y)) = 0.
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Hilbert, 1900, inspired by the axiomatical
system of geometry by Euclideus, formulated
his Sixth Problem as follows:

To find a few physical axioms that, similar to the axioms
of geometry, can describe a theory for a class of
physical events that is as large as possible.

G. Birkhoff and J. von Neumann, 1936
guantum logic
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Boolean Algebras

A system A = (A;V,A,/,0,1) is a Boolean algebra
if type (2,2,1,0,0) if for all a,b,c € A we have
1. avVb=bVa,aNb=>bA a(commutativity)

2. (aVb)Ve=aV (bVc), (aAb)Ac=aN(bAc)
(associativity)

3.aV(bAc)=(aVb)A(aVc),
aN(bVec)=(aAb)V (aAc) (distributivity)

4. aVad =1,aNad =0
5..aNl1=a=aV0
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partial ordering

onA < (DNa<a,()a<b b<athena=0>o, (i)
a<bb<ca<c
We defilnea<b & a=aAbd

< partial orderingon A, (1) 0 < a < 1. (i)
c=aANbiffc<a,b,andifd <a,b, thend <c
(greatest lower bound)

e=aVbiffa,b<e,ifa,b< f,thene < f
(least upper bound)

A 1S a distributive lattice
(aVb) =a ANV, (aAb) = v (De Mokgan ) -
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Examples

S, where A =N, V = U, '= set complement,
0=0,1=9.

Let (2-topological space, A- the set of all
clopen subsets.
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Stone Theorem

state S(A) #£ () ?

two-valued state=extremal state;
s=As;+ (1 — A)sy for A € (0,1) then
s = 51 = s9. Ext(A) - extremal states # ()

state s is extremal iff Ker(s) =
{a € A: s(a) =0} is a maximal ideal

anets, — siff s,(a) = s(a) forany a € A;
S(A) and Ext(A) are compact Hausdorff
topological spaces.

a topological space (2 Is totally disconnected If
there exists a base’consisting’of clopen sets. -




Theorem 0.1 (Stone Theorem) Every Boolean
algebra A = (A;V,A,,0,1) is isomorphic to the
Boolean algebra of clopen subsets of a compact,

totally disconnected Hausdorff topological space
(= Stone space).




Booleans-algebras

Boolean o-algebra vV {a,}, thereis \/__, a,
(also A\ _, a,). Thatisa =\/ _a, iff a > a, for
any n and if b > a,, for any n, then b > a.




Booleans-algebras

Boolean o-algebra vV {a,}, thereis \/__, a,
(also A\ _, a,). Thatisa =\/ _a, iff a > a, for
any n and if b > a,, for any n, then b > a.

Theorem 0.3 (Loomis-Sikorski) Every
Boolean g-algebra is a o-homomorphic
Image of a o-algebra of sets.




Booleans-algebras

Boolean o-algebra vV {a,}, thereis \/__, a,
(also A\ _, a,). Thatisa =\/ _a, iff a > a, for
any n and if b > a,, for any n, then b > a.

Theorem 0.4 (Loomis-Sikorski) Every
Boolean g-algebra is a o-homomorphic
Image of a o-algebra of sets.

Sketch of the proof:
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Let A be a Boolean ¢-algebra and let A be
the algebra of the clopen sets of (2 = MaxI([).
Fora e A, let h(A) = a. If {a,} and {A, }, then
ifa =\ a,and h(a) = A, we have

ADJ, Ay, and A\ [, A, is a meager set.

S o-algebra of subsets of (2 generated by A

S’ the set of A € S such that thereisb € A
such that A and the representation of b In A
differs on a meager set.

h is a o-homomorphism of S onto A.
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Every Boolean algebra has lot of states,
determining system of states

there Is a Boolean o-algebra having plenty
finitely additive states but no o-additive state.

Connection with basically disconnected
spaces:

X Is said to be basically disconnected provided
the closure of every open F, subset of X Is
open.

Ouantum Structures I-1ll = p. 15
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Quantum Structures

1. orthomodular poset L = (L; <,-,0,1) and a

unary operation -, called an
orthocomplementation such that, for all
a,b € L, we have

Q) o' = a;

(i) b+ < a* whenever a < b;
(i) a Vat =1;
(iv) a Vb € L whenever a < b+

(V) b=aV (bAat) whenever a < b (orthomodular
law). .
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H- Hilbert space,
L(H)={M C H : M—closed subspace of H}
MANN=MNN, MVN,
M+t={zxecH:z1lyVyec M}

L(H) complete orthomodular lattice
State

Sx(M) :H XM HQ, T =Xpn + Tyt

Gleason’s Theorem, 2 < dim H < Ny,
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S-prehilbert space
ES)={MCS: M+M*-=S5}

FS)={MCS: M= M}
S is complete iff £(S) = F(S)

S is complete iff £(S) admits a o-additive
state

S is complete iff F'(S) admits a o-additive
state
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Compatibility

orthomodular poset L Is not necessarily
distributive

It Is distributive iff L is a Boolean algebra

a and b are orthogonal, a L b, if a < b+

a and b are compatible, a <> b, If there are
three mutually orthogonal elements a;, b4, ¢
suchthata =a; Vcand b=5b; Ve

given a system of mutually orthogonal
elements, there is a maximal system of
mutually orthogonal elements of L itis a
Boolean algebra - -

Ouantum Structures |I-111
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Every orthomodular poset can be covered by
a system of Boolean algebras

Greechie diagrams - pasting of Boolean
algebras

observable: = : B(R) — L, L (c-complete
OML

r(R)=1,zR\ E) = o(E)*,

(U, En) =V, #(E,), R(x)-range

two observable x and y are compatible Iff
r(F) < y(F), E,F € B(R).
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s -State, z-observable, s, (F) := s(z(F))
probability measure of x

= [ tds,(t) - mean value

f - Borel function, f(z)(E) := z(f Y E)),
FE ¢ B( )

= Jr f(D)ds(t
0( ) = ﬂ{C . C closed, x(C') = 1} spectrum
x bounded if o(x) - compact set
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at :=a, a’ = at

com(ar,as, ..., a,) = \V{a' A Aalr)
J1, .-+, Jn € {0,1}) commutator
com(z,y) = Ncom(aq,...,a,) :ay,...,a, €

R(x) UR(y),n > 1} =0, =1, strictly between 0
and 1

x,y are compatible iff com(z,y) = 1, totally
incompatible if com(x,y) = 0, partially
compatible iff 0 # com(x,y) # 1

s state o-additive state
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m(E x F)=s(x(F)ANy(F)) E, F € B(R)
joint distribution of z, y exists In a state s Iff
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joint distribution of z, ¢y In a state s:

m : B(R?) — [0, 1] s.t.

m(E x F)=s(x(E)ANy(F)) E, F € B(R)
joint distribution of z, y exists In a state s Iff
s(com(z,y)) =1

L(H), A+ Biff PyPg = PPy

observable forL(H) - spectral measure,

corresponds to Hermitian operators (bounded
observable) or self-adjoint operators

A, B hermitian operators are compatrble Iff
AB BA ‘
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States and Greechie Diagrams

s: L —10,1] is astateif s(1) =1 and
s(aVb) =s(a)+ s(b) ifa LD

S(L) is it nonempty ?

B - the system of finite Boolean algebras s.t.
if A+ Bthen AnB={0,1} or
ANB={0,z,z+,1} x - atom, is said to be
almost disjoint

finite sequence {By,..., B, 1} from B is a

loop of order n (n > 3) if

)Vie{0,1,...,n— 1} we have

BN B,y ={0,1 2 2} x atomin bothBAs =~




(i)if j ¢ {i —1,4,i+ 1}, B;n B; = {0,1}




(i)if j ¢ {i —1,4,i+ 1}, B;n B; = {0,1}
B;NB;N By ={0,1,}




(iyifj¢{e—1,4,2+1}, B;NB; ={0,1}
B,NB;NB,=10,1,}

Theorem 0.7 If B is a system of almost
disjoint system of BAs, then
L=|J{B:BeB}is (1) an OMP iff B doesn'’t
contain any loop of order 3




(iyifj¢{e—1,4,2+1}, B;NB; ={0,1}
B,NB;NB,=10,1,}

Theorem 0.8 If B is a system of almost
disjoint system of BAs, then

L=|J{B:BeB}is (1) an OMP iff B doesn'’t
contain any loop of order 3

(2) Is an OML Iff B does not contain neither a
loop of order 3 nor a loop of order 4.




(i)if j ¢ {i —1,4,i+ 1}, B;n B; = {0,1}
B;NB;N By ={0,1,}

Theorem 0.9 If B is a system of almost
disjoint system of BAs, then
L=|J{B:BeB}is (1) an OMP iff B doesn'’t
contain any loop of order 3

(2) Is an OML Iff B does not contain neither a
loop of order 3 nor a loop of order 4.

There Is a finite stateless OMP
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Orthoalgebras

orthoalgebra (A4;+,0,1,)

If a + b IS defined, then b + « IS defined and
a + b = b+ a (commutativity).

fa+ band (a+ b) + c are defined, then b + ¢
and a + (b + ¢) are defined, and
(@ +b) + c=a+ (b+ c) (associativity).

For every a € A there is a unique b € A such
thata + bis definedand a+ b =1
(orthocomplementation).

If a + a Is defined, then a = 0 (consistency).
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ifa+b=1, d := borthocomplement
a<biffa+c=0bforsomece A
An orthoalgebra is an OMP iff

a + b exists, then so does a V b, and
a+b=aVb

oriffa+0b6,b+canda—+ cexist,thena + b+ ¢
IS defined In A
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| r
Fig. 4.1

The experiment A: Look at the front window.
The experiment B: Look at the side window.
The outcomes of A and B are;




See a light in the left half ({4, (p), right half
(r4, rp) of the window or see no light
(n4,np). Itis clear that ny = np =: n and we
putis=:1,ra=:r Ilg=:f rg=:b(f forthe
front, b for the back)




See a light in the left half ({4, (p), right half
(r4, rp) of the window or see no light
(n4,np). Itis clear that ny = np =: n and we
putis=:1,ra=:r Ilg=:f rg=:b(f forthe
front, b for the back)

[ b

Fig. 4.2







.Three-chamber 0]0)%¢




Three-chamber box

Fig. 4.5
three experiments, corresponding to the three
windows A, B and C'. we record lg, rg, ng If
we see, respectively, a light to the left, rlght
of the center line or no light. .




a } €
Fig. 4.6 Wright triangle
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Effect algebra ' = (E; +,0, 1)

EA) Ifa+be L,thenb+a€ Landa+b=b+a
(commutativity);

(EAii) ifb+ce Landa+ (b+¢) € L, then
a+be Land (a+b)+ce L, and
a+ (b+c) = (a + b) + c (associativity);

(EAiii) for any a € L there is a unique b € L such
that a + b 1s defined, and a +b =1
(orthocomplementation)

(EAiv) If 1 4+ a IS defined, then a = 0 (zero-one
law).
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Examples

0, 1] + restricted from [0, 1]
no-group (G; <, +, —, 0)

a<b — a+c<b+c

E = ([0,u]; 4,0, u),
interval EA: £ :=T'(G, u)

state s(a+b) =s(a)+s(b)ifa+be F,
s(1) = 1.




RDP

(RDP): Ifc <a+0bday,by € M such that
aq Sa,bl gbandc:a1+b1.
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(RDP): Ifc <a+0bday,by € M such that
aq Sa,bl gbandc:a1+b1.

a1 + ao = bl —+ bg, - C11,C12,C21,Co2 € M s.t.

a1 = €11 + 12, @3 = €91 + Co2, by = €11 + 91, @nd
by = ca1 + C29.

uwe GTisastrongunitif, Vge G,dn > 1, s.t.
g < nu, (G, u)-unital po-group

equivalently: G = |, |—nu, nul
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RDP

(RDP): Ifc <a+0bday,by € M such that
aq Sa,bl gbandc:a1+b1.

a1 + ao = bl -+ bg, - C11,C12,C21,Co2 € M s.t.
a1 = €11 + €19, Qg = Co1 + Co9, b1 = ¢11 + ¢91, @Nd
by = co1 + Ca9.

uwe GTisastrongunitif, Vge G,dn > 1, s.t.
g < nu, (G, u)-unital po-group

equivalently: G = |, |—nu, nul

(G - Interpolation group whenever
ai, a9 < by,bo dce G St ar,ar < c < by, by

Ouantum Structures I-1ll = p. 36
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Ravindran: if EA M satisfies RDP, then there

IS a unique unital interpolation po-group
(G,u) s.t. M =T(G,u),

Moreover, there Is a categorical equivalence
between the category of AEs with RDP and
interpolation Abelian unital po-groups (G, u)
state s on (G,u): s: G — Rs.t. s(G7) C R,
s(u) =1, s(g1 + g2) = s(g1) + s(g2)

S(G,u), there is 1-1 correspondence between
S(I'(G,u)) and S(G, u)

every interval EA has a state °
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Many-valued Reasoning

Ulam-game, Pinocchio, Game with black-and
white marbles, error correcting codes.

set, fuzzyset f: Q — |0,1], f: Q — {0,1}.

is an algebra M = (M;®,®,*,0,1) of
type (2,2,1,0,0) such that, for all a,b,c € M, we
have




)a®db=0bPa;
(i) (adb)Bc=ad (bdc);
(i) a ® 0 = a;
(V) a®1=1;
(V) (a")" = a;
(V) a ®a* = 1;
(vii) 0* = 1;
(Viil) (a* B b)* BDb= (a®b)* D a.




() a®b=>b6® a;
(i) (a®b)Pc=a® (bPc),
() a ® 0 = a;
(V) a®1=1;
(V) (a")" = a;
(V) a ®a* = 1;
(vii) 0* = 1;
(Viil) (a* B b)* BDb= (a®b)* D a.
1. avVb=(a"®b)" ®b. M is a distributive lattice




If A= (A;V,A/,0,1) is a Boolean algebra,
then (A; ®,®,*,0,1), where & =V, ® = A,
x =', Is an MV-algebra




If A= (A;V,A/,0,1) is a Boolean algebra,
then (A; ®,®,*,0,1), where & =V, ® = A,
x =', Is an MV-algebra

Bold algebra F C [0,1]* (i) 1 € F, (ii) f € F,
thenl— f e F, (i) f,g € F, and

(f @ 9)(w) == min{ f(w) + g(w),1},w € €,
then f &g € F.

(f©9)(w) = moax{f); (Jf (w).+ g.(w).— 1.)} |




Let (G, +,0,<) be an ¢-group, i.e. a group
suchthatifa <b, a,b € G, then for any c € G,
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n > 1 such that g < nu.
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Let (G, +,0,<) be an ¢-group, i.e. a group
suchthatifa <b, a,b € G, then for any c € G,
c+a<c+b, and G Is a lattice.

u > 0 1S strong unit If given g € G, there Is
n > 1 such that g < nu.

(G, u) £-group with strong unit.
[(G,u) = [0, u]
a®b=(a+0b) ANu,a,be'(G,u),

a®b=0V(a+b—u),a,bel'(G,u)




(I'(G,u); ®,®,*,0,u) is an MV-algebra, where
a*=u—a.

Ouantum Structures I-1ll = p. 42
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M MV-algebra, partial addition a + b Is defined
NMiffa <biffa©b=0,thena+b:=aDb

(M;+,7,0,1) is an effect algebra (MV-effect
algebra) with RDP which is lattice ordered
(and distributive)

Every lattice ordered EA with RDP is an
MV-effect algebra

a,b EA compatible: 3 a;, b1, ¢ such that
a=a;+c, b=>b +cand a; + b; + c exists in
FE, block

Every lattice ordered EA can be covered by -
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(i) s(a +b) = s(a) + s(b) if a < b*.
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States on MV-algebras

state s : M — |0, 1] such that (i) s(1) = 1 and
(i) s(a +b) = s(a) + s(b) if a < b*.

s I1s extremal iff
s(a A b) = min{s(a), s(b)}.

S(M),8,8(M) + (

So — S, S(M), 0.S compact, Hausdorff
topological space.
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Affine Functions

K -convex, compact Hausdorff topol. space
Aff(K) - continuous affine functions

f-affine: z,y € K and any A € [0, 1], we have
fOz 4+ (1=Ny) = Af(x) + (1 =N [f(y).

0. K, K = cl conhull 0. K

(Aff(K), 1) po-group

S(E) = S(Af(S(E)), 1), s = f(s),
f e Aif(S(F))
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convex cone- In a real linear space V' Is any
subset C' of V suchthat (1) 0 € C, () If
x1,v9 € C, then ayx; + asxy € C for any

a1, a9 € RT.
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Simplices vs EAS

convex cone- In a real linear space V' Is any
subset C' of V suchthat (1) 0 € C, () If
x1,v9 € C, then ayx; + asxy € C for any

a1, a9 € RT.

strict cone- is any convex cone C' such that
C'N-C={0},

base- for a convex cone C'Is any convex
subset K of C'y € C'\ {0} may be uniquely
expressed Iin the form y = ax for some

ac R ze K




strict cone C of V defines < via x < y Iff
y—x € C.
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strict cone C of V defines < via x < y Iff
y—x € C.

lattice cone- strict convex cone C' In V such
that C' Is a lattice under < .

simplex:- Is any convex subset K of V that is
affinely isomorphic to a base for a lattice cone
In some real linear space V
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strict cone C of V defines < via x < y Iff
y—x € C.

lattice cone- strict convex cone C' In V such
that C' Is a lattice under < .

simplex:- Is any convex subset K of V that is
affinely isomorphic to a base for a lattice cone
In some real linear space V

Choquet simplex: If K Is compact
Bauer simplex: K and 0.K are compact

Ouantum Structures I-1ll = p. 47




If H = R?, the S(L(R?)) corresponding to von
Neumann operators can be identified with the
convex set of all positive trace-one matrices
N MQ(R)




If H = R?, the S(L(R?)) corresponding to von
Neumann operators can be identified with the
convex set of all positive trace-one matrices
N MQ(R)

Bo 1= 054
satisfy the inequality (3, — 1)> + 52 < 1, and
vice-versa. Hence, the state space is affinely
Isomorphic with the latter circle. The state

space for H = C? is affinely homeomorphic
with a three-dimensional real sphere-

(61 b ) , the parameters §; and (5, must

Ouantum Structures |I-111
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E with (RDP) - S(E) Choguet simplex
E - MV-algebra, S(E) Bauer simplex

K - Choquet simplex iff Aff( K')- interpolation
po-group
K - Bauer simplex iff Aff(K)- /-group

S(E(H)) is no simplex




E with (RDP) - S(E) Choguet simplex

E - MV-a

K - Choo
PO-group

gebra, S(F) Bauer simplex
uet simplex iff Aff( K')- interpolation

K - Bauer simplex iff Aff(K)- /-group
S(E(H)) is no simplex
dim H = 2, regular states = unit ball in R?
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Structure of the state space

E EA- the state space S(FE) - (i) empty, (ii)
singleton, (i) infinite

extremal state: s = As; + (1 — \)sq, then
S — 81 — 52,

Schultz, Navara: every compact convex set Is
affinely homeomorphic to the state space of
an orthomodular lattice.

A convex compact Hausdorff space K # () is
affinely isomorphic to the state space of some
MV-algebra iff K Is a Bauer simplex.
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affinely isomorphic to the state space of some
EA with (RDP) Iff K Is a Choguet simplex




A convex compact Hausdorff space K # () is
affinely isomorphic to the state space of some
EA with (RDP) Iff K Is a Choguet simplex

there Is no MV-algebra whose state space Is
affinely isomorphic to the closed square or to
the closed unit circle
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B(K)- Borel o-algebra of K generated by all
open subsets of K

Borel measure 1 - regular if
inf{u(O): Y CO, Oopen} = pu(Y) =
sup{u(C): C CY, Cclosed}, Y € B(K).

0, - Dirac measure - regular Borel measure.
p~ i u(f) = M), f € Aff(K).
p=A It pu(f) < A(f), f e Con(K),

continuous convex functions f on K —
flazr + (1= a)rs) < af(z) £ (1 —a)f(z2) .
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States vs Integrals

i S(E) — [0,1], a(s) := s(a), s € S(E)

Theorem 0.11 Let E be an effect algebra
with RDP and let s be a state on E. Then
there Is a unique maximal regular Borel
probability measure u;, ~ 6, on B(S(E)) such
that

s(a) = /S(E) a(x)dus(xr), a€ k.




Theorem 0.12 Let F = I'(G, u) be an interval
effect algebra where (G, u) is a unigroup, and
let S(F) be a simplex. If s is o-additive, then

its unique extension, s, on (G, u) is o-additive.




Theorem 0.13 Let £ be an MV-algebra and
let s be a state on £. Then there Is a unique
regular Borel probability measure, u,, on
B(S(F)) such that us(0.S(F)) = 1 and

s(a) = /5965(15’) a(z)dus(x), a€ k.




Corollary 0.14 Let s be a state on an effect
algebra £. There is a regular Borel probability
measure, u,, on the Borel o-algebra B(S(F))
such that

s(a) = /S(E) a(z)dus(x), a€ E.




Corollary 0.15 Let s be a state on an effect
algebra £. There is a regular Borel probability
measure, u,, on the Borel o-algebra B(S(F))
such that

s(a) = /S(E) a(z)dus(x), a€ E.

Kolmogorov (2, S, P) P -o-additive probability




Corollary 0.16 Let s be a state on an effect
algebra £. There is a regular Borel probability
measure, u,, on the Borel o-algebra B(S(F))
such that

s(a) = / a(z)dus(x), a€ E.
S(E)
Kolmogorov (2, S, P) P -o-additive probability

de Finetti - finitely additive probability
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o-MV-algebras

M i1s a o-MV-algebra if M is o-lattice.

on ) # () is a collection 7T of fuzzy sets
from [0,1]" such that (i) 1 € T, (i) if f € T,
then1— f € 7T, and (iii) if { f,,}, is a sequence
from 7, then

min{z fn, 1} €T.
n=1

tribe Is a o-MV-algebra.
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Monotone o-complete EAs

PEA E' IS monotone o-complete provided that
every ascending sequence r; < 9 < --- Of
elements in E has a supremum z = \/_ z,,.

A tribe is a collection 7 C [0,1]" s.t. () 1 € T,
(i if feT,then1— f e 7T, and (ii)if { f,} isa
sequence from 7, then min{> >, f,, 1} € T.

E(H) is isomorphic to an effect-tribe: £(H) no
RDP
WH) ={¢cH:|l¢]| =1}, A e E(H),

pa(®) = (Ag, ¢), ¢ € Q(H).
T(H) ={pa: A€ &E(H)} -




Loomis-Sikorski theorems

Theorem 0.17 Every o-MV-algebra is a
c-homomorphic image of a tribe of fuzzy sets.




Loomis-Sikorski theorems

Theorem 0.19 Every o-MV-algebra is a
c-homomorphic image of a tribe of fuzzy sets.

Theorem 0.20 For every monotone
c-complete effect algebra £ with RDP, there
are a nonempty set (2, an effect-tribe

T C [0, 1]** with RDP, and a o-homomorphism
h from 7 onto E.
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commutative

pseudo MV-algebras, pseudo effect algebras
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GMV-algebras

Georgescu and lorgulescu [Gelo] (pseudo
MV-algebras), Rachunek [Rac] (generalized
MV-algebras) - 1999

PMV-algebra or GMV-algebra is an algebra
(M;®,”,~,0,1) of type (2,1,1,0,0) with an
additional binary operation © defined via

yoOzr=(z @y )"




A) zB(y®z)=(c®Y) D 2;

A2) tH0=0P x = x;

A3) x Pl=1Px=1;

(A4) 17 =0; 1" =0;

(A5) (2~ By )" = (" DY");

A6) 1@ (27 OyY)=y@ (YW Ox)=(20y )y =
(yox~) dx;

AN zO(z” @y)=(z®Y") Oy;

(A8) (z7)~ = .




r<y Iff 2 dy=1
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r<y Iff 7 dy=1
M — distributive lattice
rVy=xz® (" oy)andzAy=x20 (z~ Dy).




r<y Iff 7 dy=1
M — distributive lattice
rVy=xz® (" oy)andzAy=x20 (z~ Dy).

GMV-algebra M Is an MV-algebra iff
r@y=ydxforall z,y € M.
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(G, u) unital /-group, u strong unit

I'(G,u) := [0, u]
rdy = (r+y)Au,
r = u-—2,
r~ = —r+u,
rOy = (r—u+y)VO0,




(G, u) unital /-group, u strong unit
I'(G,u) := [0, u]

rPy = (r+y)Au
rT o= u— T,
r = —T+ U,
rOy = (x—u+y)VO0,

(I'(G,u); &, ,~,0,u) is a GMV-algebra.




Theorem 0.21 [Dvu 2002] For any
GMV-algebra M, there exists a unique (up to
isomorphism) unital /-group G with a strong
unit « such that M = T'(G, u).

The functor I' defines a categorical
equivalence between the category of
GMV-algebras and the category of unital
(-groups.




Theorem 0.22 [Dvu 2002] For any
GMV-algebra M, there exists a unique (up to
isomorphism) unital /-group G with a strong
unit « such that M = T'(G, u).

The functor I' defines a categorical
equivalence between the category of
GMV-algebras and the category of unital
(-groups.

INV/ X G, (1,0)) - GMV-algebra such that
x~ = x~ (symmetric) but not necessarily
MV-algebra




Let u be the translation u(t) =t + 1, t € R,
BAut(R) ={g € Aut(R) : 3neN, u " <g<u"}.
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Let u be the translation u(t) =t + 1, t € R,
BAut(R) ={g € Aut(R) : 3neN, u " <g<u"}.
Then I'(BAut(R), u)) is stateless - it is a

generator of the variety GMV-algebras

Komori: The lattice of varieties of
MV-algebras is countable

The lattice of varieties of GMV-algebras is
uncountable
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Pseudo Effect Algebras

AD+ Vetterlein- noncommutative
generalization of EAs

a+0band (a+0b)+cexistifand only if b+ ¢
and a + (b + ¢) exist, and in this case,
(a+b)+c=a+ (b+c).

If a + b exists, there are elements d,e € E
suchthata+b=d+a=0b+e.

If a + b and a + c exist and are equal, then
b=c.If b+ a and c+ a exist and are equal,
then b = c.

Ifa +-bexistsanda +b6=60,thena=6=0.° -




a + 0 and 0 + a exist and both are equal to a.

Ouantum Structures I-1ll — pn. 68
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a + 0 and 0 + a exist and both are equal to a.
a < biffdc € Esuchthata+ c=b.
PEA Is an EA Iiff + Is commutative

RDP: a; +as = by + by, there are four elements
c11, C12, C21, Co2 SUCh that a; = ¢11 + cio,
ag = €1 + C22, by = c11 + ¢21, and by = ca1 + c22.

Ouantum Structures I-1ll — pn. 68



a + 0 and 0 + a exist and both are equal to a.
a < biffdc € Esuchthata+ c=b.
PEA Is an EA Iiff + Is commutative

RDP: a; +as = by + by, there are four elements

C11, C12, C2
a9 = C21

(RDP);:

1, C292 such that ay = ¢y + C12,
- Cag, b1 = c11 + o1, @Nd by = c1 + c22.

RDP + x < ¢ and y < ¢91, We have

r+y,y+axexistsin Fandx+vy =y + z,

Ouantum Structures I-1ll = p. 68




RDP,:. RDP + dy A ds = 0 - pseudo
MV-algebra
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RDP,:. RDP + dy A ds = 0 - pseudo
MV-algebra

(G, u) - unital po-group not necessarily
Abelian

AD+Vetterlein: The category of pseudo effect
algebras with RDP; Is categorically equivalent
with the category of unital po-group with
RDP;




States on PEAS

Theorem 0.23 If £ is a pseudo effect algebra
with (RDP), then either S(F) is empty or it is a
nonempty Choquet simplex.

If, In addition, E satisfies (RDP),, then either
S(FE) is empty or it is a nonempty Bauer
simplex.
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States on PEAS

Theorem 0.25 If E is a pseudo effect algebra
with (RDP), then either S(F) is empty or it is a
nonempty Choquet simplex.

If, In addition, E satisfies (RDP),, then either
S(FE) is empty or it is a nonempty Bauer
simplex.

Extremal states for GMV-algebras similar as
those for MV-algebras

Representation of states by integral as those
for states on EAS
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