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Introduction
We study different similarity issues in the extension of Codd’s
relational model of data, where each domain is equipped with
similarity relation, and each tuple (row in the data table) has
assigned a rank, which is a degree that express how much the
tuple match a given query. We will show:
:: How to assess similarity of two ranked tables, D1 and D2,

:: Several formulas for estimation of similarity of output
(data tables after query) based on similarity of inputs
(data tables prior to query)

:: How much is the truth degree of functional dependency
A⇒ B in D dependent on the truth degree appearing in
A,B?

Model of Data

:: Y : set of all attributes, relation schemes = subsets R ⊆ Y

:: For R ⊆ Y and domains Dy: TR = Πy∈RDy

:: Each domain Dy equipped with binary L-relation ≈y
satisfying:
(Ref) for each u ∈ Dy: u ≈y u = 1,
(Sym) for each u, v ∈ Dy: u ≈y v = v ≈y u.

:: Domain with similarity = 〈Dy,≈y〉

:: A ranked data table (RDT) on R over {〈Dy,≈y〉 | y ∈ R}
is any finite L-set in TR.

Similarity-based query: “Show me all cars which are sold for
(approximately) 7 000 e and are (approximately) 3 years old.”
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brand model price year km

Renault Scénic 6 940 2009 115 556
Renault Scénic 7 200 2010 101 478
Opel Zafira 7 500 2008 130 656
Citroen Picasso 7 925 2009 109 015
Volkswagen Caddy 8 600 2008 122 855

Notes on Generalization of Codd’s Model of Data
similarities = to express ”approximate matches”
ranks = degrees to which ”tuples match queries”
ranks have comparative meaning
degrees of similarities and ranks - taken form the same scale
L (complete residuated lattice)

Classic (Codd’s) Model results by:
taking two-valued Boolean algebra for L (all ranks become 1
(match or equality) and 0 (no match or difference))
considering each ≈y to be identity relation on Dy.

Similarity of RDTs
Q: “Do similar input RDTs yield similar query results?”
A: “Yes, under suitable notions of similarity or RDTs.”

Rank-based similarity

D1 is similar to D2 if ranks to which a tuple belongs to D1

and D2 are similar.

E(D1,D2) =
∧
r∈TR

(
D1(r)↔ D2(r)

)
.

Formalization using subsethood degrees:

S(D1,D2) =
∧
r∈TR

(
D1(r)→ D2(r)

)
.

E(D1,D2) = S(D1,D2) ∧ S(D2,D1).

Tuple-based similarity

D1 is similar to D2 if they contain similar tuples, i.e. tuples
with pairwise similar values

S≈(Di,Dj) =
∧
r∈TR

(
Di(r)→

∨
r′∈TR

(
Dj(r′)⊗ r ≈ r′

))
,

E≈(Di,Dj) = S≈(Di,Dj) ∧ S≈(Dj,Di)

S≈(Di,Dj) = degree to which the following proposition is
true : “If r belongs to Di, then there is r′ which belongs to
Dj and is similar to r.”

Remarks:
1) r ≈ r′ =

∧
y∈R r(y) ≈y r′(y) = r(R) ≈D t′(R)

2) S(Di,Dj) ≤ S≈(Di,Dj).
2) Both approaches are a special case of general approach.

Relational operations

:: Similarity-based restrictions (selection):
(σy≈d(D))(r) = D(r)⊗ r(y)≈y d, where y ∈ R, d ∈ Dy

:: Projection: For D on R1, R2 ⊆ R1:
(πR2

(D))(r2) =
∨
r3∈TR1\R2

D(r2r3), for each r2 ∈ TR2
.

:: Division: For D1 on R1, D2 on R2 ⊆ R1, and D3 on
R3 = R1 \R2 and for each r3 ∈ TR3

.(
D1÷D3 D2

)
(r3) =

∧
r2∈TR2

(
D3(r3)⊗ (D2(r2)→ D1(r2r3))

)
:: Natural join: For D1 on R1 ∪R3, D2 on R2 ∪R3 such that

R1 ∩R2 = R1 ∩R3 = R2 ∩R3 = ∅:(
D1 ./ D2

)
(r1r2r3) = D1(r1r3)⊗D2(r2r3)

:: Ternary residuum: For all r ∈ TR.(
D1 _D3 D2

)
(r) = D3(r)⊗

(
D1(r)→ D2(r)

)
:: Residuated c-negation of D1 which ranges over D2(
D2 �c D1

)
(r) = D1(r) _D2(r) c

:: ... and more: Residuated c-shift, Similarity-based equijoin
(or a theta-join), union, idempotent/strong intersection

Preservation of Similarity
Relational operations in our model are robust, they are
insensitive to slight changes in data.

S(D,D′) ≤ S(σy≈d1(D), σy≈d1(D
′))

S(D,D′)⊗ (d1 ≈ d2) ≤ S(σy≈d1(D), σy≈d2(D
′))

S(D,D′) ≤ S(πR2
(D), πR2

(D′))
S(D1,D′1)⊗ S(D′2,D2)⊗ S(D3,D′3) ≤ S(D1 ÷D3 D2,D′1 ÷

D′3 D′2)
S(D1,D′1)⊗ S(D2,D′2) ≤ S(D1 ./ D2,D′1 ./ D

′
2)

S(D′1,D1)⊗ S(D2,D′2) ≤ S(D2 �c D1,D′2 �c D
′
1)

S(D′1,D1)⊗ S(D2,D′2)⊗ (c↔ c′) ≤ S(D2 �c D1,D′2 �c′ D
′
1)

S(D1,D′1)⊗ S(D2,D′2)⊗ (c↔ c′) ≤
S(D1 ./c/y1≈y2 D2,D′1 ./c′/y1≈y2 D

′
2)

S(D′1,D1)⊗ S(D2,D′2)⊗ S(D3,D′3) ≤
S(D1 _D3 D2,D′1 _

D′3 D′2)

Remarks:
1) All inequalities holds when S is replaced by E.

2) (D1 ./c/y1≈y2 D2)(r1r2) is join with partial emphasis on the
similarity-based condition (“the y1-value is similar to the
y2-value at least to degree c”), formally:

(D1 ./c/y1≈y2 D2)(r1r2) = D1(r1)⊗D2(r2)⊗(c→ r1(y1)≈y1r2(y2))

3) In the second inequality ≈ needs to be ⊗-transitive

Preservation of similarity for S≈:

:: S≈ can be expressed using a similarity-based closure:

(C≈(D))(r) =
∨
r′∈TR

(
D(r′)⊗ r′ ≈ r

)
S≈(Di,Dj) =

∧
r∈TR

(
Di(r)→ C≈(Dj)(r)

)
= S(Di,C≈(Dj)).

C≈(D) is a fuzzy closure operator

:: Only projection preserve similarity

S≈(D1,D2) ≤ S≈(πR(D1), πR(D2))

:: Every relational operation can be modified to preserve S≈

:: Modification for selection:
New type of selection: composed operation - select results
not only from tuples in D but also from tuples similar to
those in D.(

σ≈y≈d(D)
)
(r) = σy≈d(C

≈(D))

=
∨
r′∈TR

(
D(r′)⊗ r′ ≈ r ⊗ r(y)≈y d

)
This new type of selection is compatible with S≈:

S≈(D1,D2) ≤ S≈(σy≈d(C
≈(D1)), σy≈d(C

≈(D2)))

Functional dependency
An expression: A⇒ B, where A,B ∈ LY .
The degree to which A⇒ B is true in data table D is given
by:

||A⇒ B||D =
∧

r1,r2∈TR

(
(r1(A) ≈D r2(A))∗→

→ (r1(B) ≈D r2(B))
)

r1(C) ≈D r2(C) = (D(r1)⊗D(r2))→

→
∧
y∈R

(C(y)→ r1(y) ≈y r2(y))

For every pair of tuples: “If they have very similar values on
attributes from A, then they have similar values on attributes
from B.”

How is the similarity of ||A1⇒ B1||D and ||A2⇒ B2||D
dependent on similarity of A1 to A2 and B1 to B2?

S(A1, A2)
∗ ⊗ S(B2, B1)⊗ ‖A1⇒ B1‖D ≤ ‖A2⇒ B2‖D

Conclusions

:: Similarity of ranked data tables

:: Lower estimates for similarities of query results (robust
model)

:: Similarity based closure - new nontrivial operation

:: Similarity based functional dependency and its sensitivity
to degrees appearing in antecedent and consequent

Future work

:: More on general approach of similarity of RDTs

:: Importance of similarity of data tables for the validity of
similarity-based functional dependency
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