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State of a guantum system

B A finite quantum state € M, (C) can be described with the
following properties:

Tr(p) =1, p=>0

B Leto; be generalized Pauli-matrices: orthonormal basis with
respect to the Hilbert-Schmidt inner product:

(A, B) =Tr(A*B)

B We use the Bloch parametrization
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State of a quantum system | 1.

n?—1
p(f) = > _ b0,
1=0

] Tr(p):1<:>(90:%_
State space can be parametrized With R 1

n?—1
Bp>0= > 0/ <1
1=0
Note that ifn = 2 (qubit case) this is also a sufficient condition,

so in that case we have the so-called Bloch ball as state.space
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M easurements

B (F,E,, ..., E,) forms a positive operator valued measurement
(POVM) if
Vi: E;, >0 and ZEi:]’

e Fork =2: (P,I — P) are projections (von Neumann meas.).

B The probability of observing an outcome related=tas

p; = Tr(pE;).

B Eg.,A=> \P.ThenE; := P, while the outcome ig,.
B State after measurement:

i = N EpE,
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Quantum tomography

B The state estimation process has the following steps:
e Choose a set of measurements

e Measure multiple times on identical copies of a quantum
State

e Construct an estimator from the measurement data

B Our choices:
e Measurements
e Estimator
e Figure of merit for estimation efficiency
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Standard method

B We measure in the 3 axis directions: = %, (1=1,2,3)

B The probability of an outcome related &

1
i = (1 +0;
p 2(+ )

B m measurements are performed in each direction
iz .
v; == —, where m; is the number of outcomes related to P,
m

B Then the estimation ofk

oy —1 ]

S, (v1,10,v3) = | 205 — 1
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Standard method I1.

B &, isunbiasedE(P,,) = 6.

B Its covariance matrix Is

1-02 0 0
0 1 — 63 0
0 0 1 — 62 ]

1
Var ((I)m) = E

W If U, is an unbiased estimator, the Crameér-Rao inequality says
Var (U,,,) > 1,,(0)~".

For ¢,, we have equality, s®,, is efficient.
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Weak measurements
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State evolution driven by weak measurements

i 6s(K) Bs(k+1)
- : > Time Indirect
»  Coupling Development | P> Measurement | »
Owm
meas. result
+1

B State evolution:

T +cC . I 1+cxy, .

ez with probability —=*: +1 measurement
Lh4+1 =

ff ° with probability == 5=: -1 measurement
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Example: State evolution for different z,-s

.
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Estimation of theinitial state

B Aim: Estimation of the initial state

B Result: We gave 3 working methods
e Histogram
e Bayesian

e Martingale
B Martingale propertyE(z;.1) = x4
B For fixed valueu, v, we run the process until < z;, < v.

B Doob’s optional stopping theorerfi(zr) = xq, SO

E(xr)=pu+ (1 —-plv=2y = To=pu+(1—ph
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Estimation of the process

B Aim: Estimation of the process, (filtering)
B Kalman filter:

e State evolutionz, 1 = Az + wy

e Measurementy, = Hx; + v

e w; andv, are independent noises with probability
distribution:w ~ N (0,Q), v ~ N(0,R)
e Kalman filter:

QAZ]H_l = ACIA?k —+ Kk (yk — HCIA?k)

e Task: optimal choice of(; to minimize:

gfzc N n E(ry — 2x) (25 — j/f)T — min.
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Obtaining the state space mode

B State evolution:

Tpi1 = T + Nc2:13k(1 — :13%) + wp - (1 — :13%)
B Measurements:
yr = Ncxyg + wy,
with wy, ~ N(O, N)
B Comparison to the classical Kalman filter settings:

e State evolution: non-linear

e Measurement: linear

e Noise: not independent (measurement feedback) and autlitio
non-linear factor
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Channel tomogr aphy
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Complementarity

B Quantum channeld/,,(C) — M, (C) CPTP map

B The basis;, e, ..., e, Is complementary to the basis
f1, fa, ..., fn (also called mutually unbiased bases) if

:_ 1

(e S =~ (1<ij<m),

B Generalization for POVM$L < i <k, 1 < j < m):

I 1 F—
n n

1 TvE, TvF,
(ﬂ&ﬂz—ﬂ&ﬂﬂ)@(&— - TJQ
n

B \We can generalize guasi-orthogonality for subspaces:

Al@C]J_AQGCI,

* * o
* *
* *
european i
social fund in the
[~ 4 czech republic  EUROPEAN UNION

INVESTMENTS IN EDUCATION DEVELOPMENT

for Compeniveness Olomouc - 12 February 2013 — p.18/34



Parameter estimation of Pauli channels
B Let A, A, ..., Ay be acomplementary decomposition of
M, (C):

Tv A, Tr A,
A
n n

A, — I, \V/AZEAZ,AJEAJ(Z#])

B Pauli channel: contractions witxy on traceless part ofl;.

B Example:A; := span{l,o;},i € {1,2,...,2" — 1}

2" —1 2" —1
1 1
. =— |/ (911 =— |/ )\2(922 .
E:p n<+z 0)%5(,0) n<+; 0)

B Aim: Select input state, send through channel, measure the
output, repeat many times estimate\;
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Parameter estimation of Pauli channels||.

B Figure of merit: Fisher information matrix of the parametey

1 Opa Opa
. —
Z Pa (‘9)\7, 8)\3

¥}
Qo

B Optimization:
Vi : F; — max. (independently)

B Result: Input and measurement in the directiopdof It depend
on the algebraic structure of;.
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Unknown channel directions

B Another problem: What if; are unknown too?
B \We gave an efficient method for the qubit case.

B channel matrix: A: 0;, — 0,
A, A2y As, 62, 6y, 00) = R.RyRART R 'R

1. E||A — A||?> — min.: in the channel directions (equivalent to
the average squared distancepgf andp,.,;)

2. ES (A — \;)2 — min.: in the channel directions
3. ES(é; — ¢;)? — min.: NOT in the channel directions
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Complementarity and DACM

B Wooters and Fields proved in 1989 the optimality of
complementary measurements

B Petz, Hangos and Magyar used in 2007 the optimization

A

det(Var (#)) — min.
for proving the optimality of complementary measurements |
the qubit case.

B Baier and Petz used this quantity in 2010 to prove the opiiynal
In @ more general setting.
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Symmetric measurements

B The Bloch vector has? — 1 parameters, so we have at least
elements in POVM.

B Symmetric informationally complete POVM (SIC-POVM):

1 1
Pi, TI'PLPJZ
n+1

whereP; is a rank-one projection.

B =~
n

(i # 4, 1 <i,j <n?),

B Rehacek, Englert and Kaszlikowski used in 2004 the
2-dimensional SIC-POVM for state tomography.

B Scott used in 2006 the average squared Hilbert-Schmidt
distance for proving the optimality of SIC-POVMs.
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Multiple von Neumann measurements
B \We have a decomposition
M,(C)=CIa Aa B,

whereA — known, 5 — unknown parameters.

B If B hasl/ dimensions, then we have the measurements
(Flal_Fl)v (F27]_F2)7 7(E71_E)

Theorem. If the positive contractions Fi, ..., F; have the same spectrum,
then the determinant of the average covariance matrix is minimal if the

operators F, ..., I} are complementary to each other and to A.
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Single POVMs

B \We have once again the decomposition
M,(C)=Clp Aa B,
with dim(B) = k — 1, then we have the measurement
(E, Es, ..., Ey)

B In then dimensional case we can obtain results if n?, i.e.
all parameters are unknown.

Theorem. If a symmetric informationally complete system exists, the
optimal POVM is described by its projections P; as F; = P;/n
(1 <1< nd.
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Single POVMsII.

B In the conditional case there are some technical iIssueshwhi
we barely overcame in the qubit case.

Theorem. The optimal POVM for the unknown Bloch parameters #; and 65

can be described by projections P;, 1 <1 < 3:

2 1
Ei: gPL, TI'PZP] = Z (Z#]), and TrO'gpi:O,
B \We get that the optimal POVM is symmetrical and
complementary to the subspace of the known parameters
= generalization of SIC-POVM
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Numerical algorithm

B | show the first non-trivial example of a conditional SIC-PKaV

1 1 1 1 5 £2 1 &2 g3
1 1 5 1|
Elz— 1 1 1 ,EQZ— g 1 g ,E3=— g 1 g )
7 L1 7 7

e® ¢4 1 et 6 1
1 e* &6 .
Ei—1|e3 1 2| Ei=ET Es=EIl Er—ET. withe — 2m
4—? € € y i = Lig, g = g, L7 = Ly, WIth € = eXD EA
5
g € 1

B There Is a conditional SIC-POVM containing the diagonal
matrix units.

B There is an example for conditional SIC-POVMs that contains
projections of rank 2.

B There is an example where no conditional SIC-POVM exists.

~ e
ok s x, ..-
* * L
european *o X
social fund in the b CATIO oF Eaotticn
[~ 4 czech republic  EUROPEAN UNION >ORTS for Competitiveness

INVESTMENTS IN EDUCATION DEVELOPMENT

Olomouc - 12 February 2013 — p.29/34



Conditional SIC-POVM

B From these results we obtain the precise definition of
conditional SIC-POVMs:
Definition (Conditional SIC-POVM)
(E4, Es, ..., Ey) formsa conditional SC-POVM if thereisa

set of projections P;, 1 < ¢ < k, such that

1
and E;-s are complementary to the subspace of known

parameters.

B We get a SIC-POVM in the special case whea n?, A = n
andpy =1/(n+1).
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Conditional SIC-POVM 11.

B Instead of the determinant of the average covariance matrix
minimize the square of the Hilbert-Schmidt distance.

Theorem. In the conditional case, the elements of the optimal POVM can
be described as multiples of rank-one projections with the following
properties (1 < 4,5 < k):

k—n
n(k —1)

n S
Bi =25, 1rbF; = (i # )

and TroyP,=0 (Vl:0,€ A).

B So the conditional SIC-POVM is the optimal with rank-one

projections, and constanis= £, ;= nfg_”l).
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Examplefor existence

B Let us assume that the diagonal parpog M,, (C) is known
B The number of POVM elementé: = n2 — n + 1

Definition (Difference set). Theset G := {0, 1, ...,k — 1} is an additive group modulo k. The
subset D := {a; : 1 < i < n} forms a difference set with parameters (k, n, A) if the set of

differences a; — «; contains every nonzero element of (= exactly \ times.

B A few examples for difference sets with parametgrsn, 1):
n=2k=3:D={0,1}, n=3,k=7: D={0,1,3}, n=4,k=13: D=1{0,1,3,9}.

Theorem. We set |¢) = ﬁ Yo le) g= e2mi/k U = Diag(q®t,q®2,q%3,...q%"). If

(a1, g, . . . iy ) forms a difference sets with parameters (k, n, 1), then
e ) 7 .
will be an appropriate conditional SIC-POVM.
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Application of Conditional SIC-POVM

B SIC-POVM is the BLE of a quantum state

B Conditional SIC-POVM is the BLE of a subsystem of a
guantum state

MW LetA,, ..., Ay be a complementary decomposition/df,(C)

m £ is the conditional SIC-POVM ford; = BLE for
subsystems

B Best candidates:
e N=1, A, = M,: SIC-POVM
e N=n+1,A4,=..=A4,,, =C". MUB
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