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seminal idea

Set A of observables of a system.
We do not know whether system is 
classical or quantum
Theorem (Alicki, Van Ryn):Entanglement and Quantumness 3

(i) A is commutative. To wit, for any pair X, Y ∈ A,

[X, Y ] := XY − Y X = 0.

(ii) For any pair X, Y ∈ A with X ≥ 0 and Y ≥ 0,

{X, Y } := XY + Y X ≥ 0.

As a consequence, for a quantum system one can always find pairs of observables

X ≥ 0, Y ≥ 0 such that the observable

QAVR = {X, Y } (1)

is not positive semidefinite. Thus, QAVR ∈ A is a “witness” of the quantumness (i.e.

noncommutativity) of the algebra A [4, 5].

We define classical states, a concept that will be useful in the following.

Definition 1. We say that a state ρ ∈ S(A) is classical if

ρ([X, Y ]) = 0, for any pair X, Y ∈ A. (2)

A state that is not classical is quantum.

Remark. We recall that the set S of states of a given algebra A is the subset of the

continuous linear complex functionals ρ ∈ A∗ (the dual space of A) that are positive

and normalized, i.e. ρ(A∗A) ≥ 0 for any A ∈ A (A∗ being the adjoint), and ρ(I) = 1.

See [8, 9].

Remark. Let us also recall that (normal) states ρ ∈ S can be uniquely realized as traces

over density matrices ρ̃ belonging to the algebra A:

ρ(A) = tr(ρ̃A), ρ̃ ∈ A, ρ̃ ≥ 0, tr ρ̃ = 1. (3)

We warn the reader that in the following we will freely use this identification and commit

the sin of not distinguishing between states and density matrices.

Notice that we can have classical states even when the algebra is noncommutative

(namely, even when there exist A and B such that [A,B] �= 0). In words, classical states

do not “perceive” nonvanishing commutators. Moreover, the definition (2) of classical

state is weaker than the notion of classicality that emerges from (i)–(ii) of Theorem 1.

Indeed, A is commutative iff every state ρ ∈ S is classical.

Remark. Let us notice that, in general, mixtures are not classical states. For example,

a qubit state ρ = p|0��0| + q|1��1| is not classical, since it possesses coherence, e.g.

�−|ρ|+� = c0c1(p−q) for |+� = c0|0�+c1|1� and |−� = c∗1|0�−c∗0|1�, which is nonvanishing

provided p �= q and c0, c1 �= 0. On the other hand, the completely mixed state ρ = I/2
is classical, in that it does not possess any coherence, �−|ρ|+� = 0 for any c0 and c1.

Let us now define quantumness witnesses.

Definition 2. We say that an observable Q ∈ A is a quantumness witness (QW) if

(i) for any classical state ρ ∈ S one gets ρ(Q) ≥ 0,

(ii) there exists a (quantum) state σ ∈ S such that σ(Q) < 0.



quantumness witness (QW)
X,Y ∈ A
X,Y ≥ 0

QAVR = {X,Y }

if Q is not positive definite then Q is a QW

Entanglement and Quantumness 3

(i) A is commutative. To wit, for any pair X, Y ∈ A,

[X, Y ] := XY − Y X = 0.

(ii) For any pair X, Y ∈ A with X ≥ 0 and Y ≥ 0,

{X, Y } := XY + Y X ≥ 0.

As a consequence, for a quantum system one can always find pairs of observables

X ≥ 0, Y ≥ 0 such that the observable

QAVR = {X, Y } (1)

is not positive semidefinite. Thus, QAVR ∈ A is a “witness” of the quantumness (i.e.

noncommutativity) of the algebra A [4, 5].

We define classical states, a concept that will be useful in the following.

Definition 1. We say that a state ρ ∈ S(A) is classical if

ρ([X, Y ]) = 0, for any pair X, Y ∈ A. (2)

A state that is not classical is quantum.

Remark. We recall that the set S of states of a given algebra A is the subset of the

continuous linear complex functionals ρ ∈ A∗ (the dual space of A) that are positive

and normalized, i.e. ρ(A∗A) ≥ 0 for any A ∈ A (A∗ being the adjoint), and ρ(I) = 1.

See [8, 9].

Remark. Let us also recall that (normal) states ρ ∈ S can be uniquely realized as traces

over density matrices ρ̃ belonging to the algebra A:

ρ(A) = tr(ρ̃A), ρ̃ ∈ A, ρ̃ ≥ 0, tr ρ̃ = 1. (3)

We warn the reader that in the following we will freely use this identification and commit

the sin of not distinguishing between states and density matrices.

Notice that we can have classical states even when the algebra is noncommutative

(namely, even when there exist A and B such that [A,B] �= 0). In words, classical states

do not “perceive” nonvanishing commutators. Moreover, the definition (2) of classical

state is weaker than the notion of classicality that emerges from (i)–(ii) of Theorem 1.

Indeed, A is commutative iff every state ρ ∈ S is classical.

Remark. Let us notice that, in general, mixtures are not classical states. For example,

a qubit state ρ = p|0��0| + q|1��1| is not classical, since it possesses coherence, e.g.

�−|ρ|+� = c0c1(p−q) for |+� = c0|0�+c1|1� and |−� = c∗1|0�−c∗0|1�, which is nonvanishing

provided p �= q and c0, c1 �= 0. On the other hand, the completely mixed state ρ = I/2
is classical, in that it does not possess any coherence, �−|ρ|+� = 0 for any c0 and c1.

Let us now define quantumness witnesses.

Definition 2. We say that an observable Q ∈ A is a quantumness witness (QW) if

(i) for any classical state ρ ∈ S one gets ρ(Q) ≥ 0,

(ii) there exists a (quantum) state σ ∈ S such that σ(Q) < 0.



EXAMPLE

is a photon quantum?

check its anticommutator!



experiments (Turin)
G. Brida, I.P. Degiovanni, M. Genovese, V. Schettini, S.V. Polyakov,  
and A. Migdall, Optics Express 16, 11750  (2008).
G. Brida, I.P. Degiovanni, M. Genovese, F. Piacentini, V. Schettini,  
N. Gisin, S.V. Polyakov, and A. Migdall,  Phys. Rev. A 79,  044102 (2009).
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Figure 3. Expectation values of B − A and B2 − A2 on the pure state ψ(θ,φ) (equation (25)).
The x- and y-axes are the parameters θ and φ respectively, while the z-axis is the range of mean
values of (a) B − A and (b) B2 − A2. The dark gray horizontal plane is given by z = 0.

The parameters for the observables A and B in equation (24) lead to a maximal violation
of the ordering condition 0 ! A2 ! B2. Figure 3 may be helpful for designing an experiment
for a single qubit to test for such a violation.

Figure 3 shows the mean values of the operators 〈B −A〉 and 〈B2 −A2〉 on the pure states
of a single qubit

|ψ(θ,φ)〉 = cos
(

θ

2

)
|0〉 + exp(iφ) sin

(
θ

2

)
|1〉 , (25)

where 0 ! θ ! π and 0 ! φ ! 2π .
In figure 3(a), it is clear that the expectation 〈B − A〉 is never negative. This satisfies the

ordering condition from equation (2), A ! B.

The behaviour of the expectation 〈B2 − A2〉 is much more interesting and is shown in
figure 3(b). In this picture, one can clearly see that 〈B2 − A2〉 becomes negative around
θ = 2

3π and φ = 0. This area is a connected subset of the Bloch sphere and should be the
focus of any experiment aiming to determine whether or not the behaviour of a system may
be described by classical theories.
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comments
Alicki and Van Ryn, J. Phys. A: Math. 
Theor. 41, 062001 (2008)
Alicki, Piani and Van Ryn, J. Phys. A: 
Math. Theor. 41, 495303 (2008)

many definitions of classicality

semiclassical limit

Wigner, Sudarshan, Glauber...

interesting? obvious?



interesting (related?) work
Horodecki's 2008
Kiesel, Vogel, Hage and Schnabel 2011
Chen and Deng 2009 
Piani and Adesso 2011  
Filippov and Man'ko 2009
Andersson, Bergou, Jex 2005
Jamiolkowski 2012
Fiurasek 2012
Perina and Krepelka 2011
(Quantumness and Entanglement Witnesses)
Facchi, Pascazio, Vedral, Yuasa, J. Phys. A (2012)



QW vs EW

We say that an observable Q ∈ A
is a quantumness witness (QW) if

- for any classical state ρ one gets ρ(Q) ≥ 0
- there exists a (quantum) state σ

such that σ(Q) < 0.

Every EW is also a QW



idea:

extend previous definition to states

after all, states are density matrices

therefore states are positive operators

arXiv:1201.1212 [quant-ph] 
“Measuring quantumness via anticommutators”
Phil. Trans. R. Soc. A 370 (2012) 4810 
“Classical to quantum in large number limit”
Modi, Fazio, Pascazio, Vedral, Yuasa
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example

ρ =
1

2
(1 + x · σ)

ρ� =
1

2
(1 + x� · σ)

{ρ, ρ�} ≥ 0 x2 + x�2 + x · x� ≤ 1

in general

ρ =
1

2
(1 + pσy)

ρ� =
1

2
(1 + pσz)



rephrase in terms of unambiguous state 
discrimination and probabilistic cloning

(Bergou, Buzek, Hillery, Herzog)

ρ1

ρ2
states

[ρ1, ρ2] =?

{ρ1, ρ2} assume it can be measured

as well as...
{ρ1, ρ2}, {ρ1, ρ1}, {ρ2, ρ2}, {{ρ1, ρ2}, ρ1}, . . .

[ρ1, ρ2] �= 0



interference!

Noiseless Quantum Circuits for the Peres Separability Criterion

Hilary A. Carteret*
Laboratoire d’Informatique Théorique et Quantique, Département d’Informatique et de Recherche Opérationelle,

Pavillon André-Aisenstadt, Université de Montréal, Montréal, Québec, H3C 3J7 Canada
(Received 6 August 2004; published 31 January 2005)

In this Letter we give a method for constructing sets of simple circuits that can determine the spectrum
of a partially transposed density matrix, without requiring either a tomographically complete positive-
operator-valued measurement or the addition of noise to make the spectrum non-negative. These circuits
depend only on the dimension of the Hilbert space and are otherwise independent of the state.

DOI: 10.1103/PhysRevLett.94.040502 PACS numbers: 03.67.Lx, 03.65.Ud, 03.65.Wj, 03.67.Mn

Introduction.—There has recently been much interest in
measuring functions of the density matrix directly without
first performing full state tomography. The nonlocal prop-
erties of density matrices have attracted particular attention
and there has been a series of papers exploring this possi-
bility [1–6]. These typically rely on a combination of the
structural physical approximation (SPA) [7] followed by
measuring the spectrum of the resulting density operator
using the method in [2] (but see also [1,6,8]). The SPA is a
method for modifying a map which is not a completely
positive (CP) map so that it becomes one. This is done by
forming a convex mixture of the original map with another
map that projects the state of the system onto the maxi-
mally mixed state, M!!" # 1=d, for all !. For maximum
sensitivity, we should use as little M!!" as possible. For the
partial transpose operation on a d$ d dimensional system
1A %!B, this optimal CP map is given by [2]

O # d3

d3 & 1
MA %MB &

1

d3 & 1
1A %!B: (1)

For a more detailed discussion of the properties of this map
and its implementation as a positive-operator-valued mea-
sure (POVM), see [9].

This approach was partly inspired by the interferometer
circuits in [10] and the analysis in [11]. The proof in [10]
showed that circuits of the form in Fig. 1 where the density
matrices undergo the evolution ! ! U!Uy conditioned on
the state of the control qubit can measure in the modulation
of the interference pattern of that qubit,

T r!U!" # vei"; (2)

where v is the visibility and " is a phase shift. This is
significant, because it enables us to characterize the effect
of maps defined by a unitary map on the kets only, without
being constrained to perform Uy on the bra vectors.

If we make ! # ! % ! % . . . % ! from multiple copies of
!, an m$m density matrix of interest, we can use this
circuit to measure the moments of the density matrix
Tr!!2" . . . Tr!!m" by choosing U to be the cyclic shift [2]

V!k"j’1ij’2i . . . j’ki # j’kij’1i . . . j’k'1i; (3)

acting on the kets of the basis only, thus measuring

T r!%kV!k" # Tr!k #
Xm

i#1

#ki ; (4)

from which we can determine the eigenspectrum of the
density matrix [1,2,11].

Let us begin by considering polynomial local unitary
invariants of pure states. These can be constructed as
follows. Begin by writing

 ij...k ‘m...n . . . pq...r st...u; (5)

where the tensor indices label the various subsystems in the
usual way. Now contract every ‘‘downstairs’’ (or ‘‘input’’)
index with one of the ‘‘upstairs’’ (or ‘‘output’’) indices
labeling the same subsystem (but not necessarily on a
neighboring term) until no free indices remain. These
functions are therefore invariant under local basis changes
by construction.

In [12], Rains proved that there was a one-to-one corre-
spondence between the set of all local polynomial invari-
ants and sets of permutations that permute the downstairs
indices corresponding to each subsystem with other down-
stairs indices corresponding to the same subsystem. (Or
equivalently, perform the inverse permutation on the up-
stairs indices.) Rains’ work was motivated by the need to
find new shadow enumerators of quantum codes and it was
not until [13] that these invariants were given a physical
interpretation in terms of the expectation values of opera-

H H
Measure0
 0   vs  1

U... ...ρ

FIG. 1. General form of an interferometer circuit.
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required for two qubit states; we do not need a circuit for
Tr!!T2

12" because the partial transpose is a trace preserving
map, so the first moment is already known to be 1. In fact,
the only unitary circuit we can write down that is first order
in !, or indeed !T2

12 , is the circuit for the trace norm. This is
also the only polynomial invariant that is quadratic in  .

Discussion.—We have exhibited a class of circuits that
can measure the spectrum of !T2 without needing to per-
form a tomographically complete POVM or add noise.
While we have only given the circuits for the two-qubit
case, the construction generalizes to bipartite systems of
any finite dimension in the obvious way; all that is required
is two cyclic permutations of opposite handedness acting
on the rails for each subsystem. Fiurás̆ek [9] has shown that
the SPA for the partial transpose for two qubits is a tomo-
graphically complete CP map. It is an open problem
whether this is generally true for the partial transpose on
larger systems, but the method given in this Letter never
needs a tomographically complete POVM to characterize
the effects of the partial transpose on !, regardless of its
dimension. These circuits are surprisingly simple: if we
can implement an eigenspectrum measurement by the
method in [1,2] then we can measure the spectrum of !T2

with a set of circuits that uses the same set of primitives.
The complexity of the networks also scales the same way
as those for eigenspectrum circuits; for a general d1 # d2

dimensional mixed bipartite state, the circuits consume the
same number of copies per run, 1

2d
2
1d

2
2 $ 1

2d1d2 % 1.
What may be more interesting about these circuits is that

they disprove our intuition that the only characterizable
map is a physically implementable map. This statement is
still true if we only have access to one copy of the state at a
time, as this method for measuring the effects of maps
needs multiple copies in order to work; since we cannot
implement the map directly, we must characterize it via its
moments. It is also worth noting that having access to only
two copies at a time is not much use either; the circuit for
Tr&!!T2

12"2' is identical to that for Tr!!2
12". Thus the partial

transpose may also preserve Tr!!2".
If we can manipulate at least d1d2 copies at once, we can

perform the Peres test [22]. This is a necessary and suffi-
cient condition for separability for two qubit states,
although it is not sufficient to test for separability in
general [23]. The entire minimal generating set for the
ring of polynomial invariants described by Rains [12,14]
is necessary to completely separate the orbits of the state
under local unitary operations in general. It is also suffi-
cient [24–26]. However, there is no known upper bound on
the order of the invariants needed to construct a complete
minimal generating set. One way to see this is to notice that
this Letter has only examined invariants whose summation
pattern has period 1 in the number of copies of the den-
sity matrix it passes through before it repeats. There is no
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FIG. 4. The Kempe invariant, in the notation from [14].
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general scheme

tr[(ρT2)3]

what does it mean to measure an anticommutator?

e.g.



Nakazato, Tanaka, Yuasa, Florio, Pascazio, 
PRA 85, 042316 (2012): measure purity

interesting ideas by:
Carteret, PRL 94, 040502 (2005)
Sjoqvist, Pati, Ekert, Anandan, Ericsson, Oi, Vedral, PRL 
85, 2845 (2000)
Adamson, Shalm, Steinberg PRA 75, 012104 (2007)
Bechmann-Pasquinucci, Huttner, Gisin, PLA 242, 198 (1998) 



in general

S

HH|0〉

ρ1
ρ2
ρ3
ρ4

valid for quDits!

interference
between
|0� and |1�

visibility ∼ tr(ρ1ρ2ρ3ρ4)



(reminder)

ρ1

ρ2
states

[ρ1, ρ2] =? [ρ1, ρ2] �= 0



discord

D(A|B) = 0 ⇐⇒ [ρB|i, ρB|j ] = 0, ∀i, j

where ρB|i = TrA[Λi
A ⊗ IB(ρAB)]

(operational meaning)



first observation

ρ1 pure

[ρ1, ρ2] �= 0

{ρ1, ρ2}
not positive definite

second observation
ρn

trρn
→ |0��0|ρ =

�

i

λi|i��i|

max eigenvalue not degenerate



therefore

ρ1 ρ2

ρn2

ρm1
in a finite number of steps

... finally
should become non-positive!

{ρm1 , ρn2}



but:
{ρm1 , ρn2} non-positive means quantum

we are ready to state our final result



precept (Stephen Hawking)
Someone told me that each equation 
I included in the book would halve the sales. 
I therefore resolved not to have any 
equations at all. In the end, however, 
I did put in one equation, Einstein's famous 
equation, E=mc^2. I hope that this will not 

scare off half of my potential readers.

true for physics audience:
replace equation             theorem



ρ1
ρ2

pure states

σ1 σ2

ψ1

ψ2

ρ1

ρ2

ψ1

ψ2

1− |f |2�1

�2

IN

IN



mixed states ρ1, ρ2
�-close to pure states
ρi = (1− �i)|ψi��ψi|+ �iσi (σi|ψi� = 0)

{ρ1, ρ2} � 0

�1g1 + �2g2 < (1− |f |2)/2
g1 = �ψ2|σ1|ψ2�
g1 = �ψ2|σ1|ψ2�

f = �ψ1|ψ2�

ρ1
ρ2

pure states

σ1 σ2

ψ1

ψ2

ρ1

ρ2

ψ1

ψ2

1− |f |2�1

�2



reminder
bring to light quantumness by measuring 
anticommutators

in fact: only anticommutators

but in general one pays a price: 
high-order interference necessary

for some states, it can be difficult to bring 
quantumness to light


