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• In this work we:

• provide general unique and uniformly applicable solution for

single-qubit laser (SQL) stationary state in terms of

nonlinear coherent states;

• introduce nonlinear transition probabilities, revealing

quantum nature of single-qubit laser;

• provide description in terms of quasi-distributions and prove

nonclassicality of the stationary state;

• investigate dynamics of the system.
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0. Introduction
• One-atom-one-mode microlaser (or micromaser):

• an extreme case of lasers;

• intrinsically quantum system with a number of properties

strongly different from ordinary lasers;

• a source of nonclassical light.
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From Macro to Micro

Multi-Emitters Laser

“Moore’s Law” for Lasers?

Single-Emitter Laser

Miniaturization

8

N>>1
g

N=1
g

Strongly correlated QSs

Properties 

have to be different !
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SA  blockade (saturation) of emission

Can we use the Einstein’s

induced and spontaneous transition probabilities

for intracavity single-atom-fiend interactions?



* K.J.Vahala Optical microcavities Nature, V.424, P.839-846 (2003),   

OPTICAL MICROCAVITIES *

P.B.Deotare et.al., APL, V.94, 121106 (2009). 
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SINGLE-QUBIT LASERS & MASERS

SQL on Cs atoms

H. J. Kimble et.al. Science, (2004)

SQM on Rb atoms

H.Walther et.al. (2001),

S. Haroche et.al. Rev. Mod. Phys.

V.73, P.565 (2001)

H.J.Kimble et.al. PRL,  

(2004) 

Superconducting  SQL

O. Astaf’ev, K. Inomata, et al., Nature 449,(2007).
SQD lasers

Z. G. Xie, S. Gotzinger, et al.,  PRL 98,  (2007).
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History & Problems
Different regimes of SQ -Laser

Incoherent pump 

Quantum (linear & nonlinear)

Lasing

Self-quenching

Thermal

[Karlovich, Kilin Opt.&Spectr.(2001)

Mu, Savage, Phys. Rev. (1992).]
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Is there unique and uniformly applicable solution 

for all these regimes?



History & Problems
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Zel’dovich’s paradox of damped

quantum harmonic oscillator (1969) 

2

2 n

/ 2d dt  

Where is  2 n ?

We can not distinguish the emitted photons!

.

.

.

.

.

.

Jaynes-Cummings model (1963)

Photons become distinguishable!

Fast decay 2 n appears.

Yakov  Zel’dovich

Edwin Jaynes
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2014 -100th anniversary

of  Yakov Zel’dovich

2013 -50th anniversary

of  Jaynes –Cummings paper



Soviet atomic project
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History & Problems

?
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[Kilin, Karlovich, JETP 95,(2002)].
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The P-function.

Classical 

or quantum?

Black hole - like

effect
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Local properties of  Glauber P- function

via  measurement of  “pointer” observable

2
2

2 2

1 | |
( ; ) ( )expd P

 
   

 

 
   

 


s-Parameterized  phase-space  functions

“Pointer” observable

[Ararwal, Wolf, 1968]

2( ; ) ( ; ), 1 2P s with s       [Cahill, Glauber 1969]

*

2 2

ˆ ˆ1 ( )( ) ˆˆ ˆ( ; ) : exp : ( ; )
a a

a s
 

   
 

  
     

 

ˆ( ; ) ( ; )     

2 1/ 2 ;1W Q    1
.H

is
to

ry
 &

 P
ro

b
le

m
s



17

History & Problems:
Single-Atom  Phase Bistability in coherently driven J-C system

/E k

/ 2g k

/ 2g k

Re
Im

E 2k

S.Kilin, T.Krinitskaya, JOSA B (1991)

( )P 

g



History & Problems:
Single-Atom  Phase Bistability in coherently driven J-C system.

2 / / 2E k ig k  

1 / / 2E k ig k  

[S.Kilin, T.Krinitskaya, JOSA B (1991)].
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S.Kilin, T.Krinitskaya, JOSA B (1991)

Whether Single-Atom Phase Bistability 

reveals itself in SQL ?

M.Armen, A.Miller, H.Mabuchi PRL (2009)

( 2 1 ) / 2

( 2 1 ) / 2
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S.Kilin, T.Krinitskaya, JOSA B (1991)

M.Armen, A.Miller, H.Mabuchi PRL (2009)

History & Problems:
Single-Atom  Phase Bistability in coherently driven 

J-C system.

Cirquit QED (transmon qubits)

- Ultralow energy optical switching

- Quantum feedback

- Qubit measurment

-….

THEORY (1991)

EXPERIMENT (2009)



2. Model
• Master equation:

• Transitions: 2
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2.1 Transitions
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3. Stationary state

• Density matrix presentation:

• Invariance of the ME with respect to the simultaneous 

phase shift of the field and the polarization of the qubit:

• Off-diagonal elements are uniquely expressed in terms of 

diagonal:

• Conditional field mode states are diagonal in Fock basis:
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3.1 Thermodynamics of SQL
• 1) Balance of transitions between (n+1) and n excitations– (a):

• 2) Balance of transitions between (n+1) and n photons – (b):
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3.1 Thermodynamics of SQL
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3.2 Nonlinear Coherent States
• Definition: deformed annihilation operator and nonlinear 

coherent states (NCSs):

• Equation for     :

• Solution: phase-averaged NCSs of a specific form

The solution is unique!

For all regimes the stationary state of a single-qubit

laser belongs to the found specific class of NCSs
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3.3 Special cases

• Ordinary coherent states:

• Strong-coupling regime (                           ) 

Mittag-Leffler states
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Gösta Mittag-Leffler

Continuous-time random walks (CTRW)

Fractional diffusion equations (FDE)

Fractional Fokker-Planck eqs.  anomalous diffusion
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3.4 Recurrent equation. Superconvergence

• Recurrent equation for the deviation function:

• The expression for d(n) is a tightly bounded function of 

d(n+1) and d(n+2). 
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Asymptotic behavior  (n>>1)
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3.5  ISpE Transition Probabilities:
• Second equation for       and       :

• Interpretation as balance of transitions between states 

with (n+1) and n photons:
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3.6 ISpE Transition probabilities: nonlinearity
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• Stationary state Glauber function in Strong-Coupling 

Limit:

• for               - positive; 

border at 

• for               - generalized 

function, nonclassical

state.

• Solution of exact equations:

• Glauber function is always a generalized function, and the 

stationary state is always nonclassical.

4. Quasi-distribution. Nonclassicality
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4.1 “Pointer” observable

4
. 
Q

u
a
s
i-

d
is

tr
ib

u
ti
o
n
. 
N

o
n
c
la

s
s
ic

a
lit

y

Manifestation of nonclassicality

Dashed lines – Glauber function in strong-coupling limit 2 12 21
0 0

2
,

4 4

R R
a




 


 

34

25  25 

Local properties of  Glauber P- function

via  measurement of  “pointer” observable

2
2

2 2

1 | |
( ; ) ( ) expij ijd P

 
   

 

 
   

 




4.2 Nonclassicality order
• Negativity of s-parameterized phase space function 

manifestation of nonclassicality.

• Minimal s, for which P(,s) is not strictly positive, 

nonclassicality order s0.
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5. Quantum dynamics
• We describe dynamics by the smoothed observables:

• Equations have the form

• Additional definition:

• Initial state: ground state of atom, coherent state of field
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5.1. Two stages of quantum dynamics

5
. 
D

y
n
a
m

ic
s

I. High amplitude (coherent) regime:
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II. Approaching stationary 

state
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5.2. High amplitude regime
• Two regions with different behavior:

• oscillations region 

(nonclassical interference terms);

• “arc” 

(superposition of coherent states 

with specific amplitude distribution).
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• Relations between parameters: 

• Zero-order approximate solution:

• Solution of Eqs. for oscillation parameters:

• Rapid oscillations correspond to highly nonclassical field state.

• Oscillations region exists only for strongly localized “pointer” 

oservable (weak smoothing):
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5.4. Oscillations region: envelope
• First order approximate solution:

• Equation for envelope function u:
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5.5. “Arc” region: equations
• Polar coordinates:

• Relations between parameters:

• Zeroth order approximate solution:

• First order: radial and angular parts of eqs.

• Radial part is the same for all components.

• Angular parts differ – consequence of atom-field interaction. 
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5.6 . “Arc” region: phase “bistability”

• New dependent functions:
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5.7. “Arc” region: eigenfunctions

• New dependent functions:

• Eigenstates of Jaynes-Cummings Hamiltonian:

• Phase-space functions (smoothed observables):
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5.8. “Arc” region: limits

• Strong Coupling Limit:

• low “jumps” probability; 2 separate peaks at

• Intense atom pump/decay: 

• high “jumps” probability, analog of random walk; Gaussian 

peak with half-width
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5.9. “Arc” region: examples
• Frequent jumps (motional narrowing):

• Slow jumps (phase bistability) :
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5.10. Approaching stationary state
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5.11. Approaching stationary state: 

amplitude “jump”

• The state is approximately phase-independent:

• Quasi-probability amplitude effectively “jumps” from r~1 

to r~0.1:
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5.12 . Approaching stationary state:  

amplitude “bistability”

• Similar “jump” (amplitude bistability) is characteristic for a 

stationary state of a coherently driven SQL :
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• SQL without coherent driving:

• Adiabatic elimination of qubit:

• Equation for field amplitude:

• Amplitude decay rate for SQL without coherent driving 

equals driving strength for stationary state of SQL with 

coherent driving for the same value of field amplitude.

• Bistability condition :

49

0 
z   

 

2

2

21 12
2

21 12

2

8
1

ag
a a

gR R
a a

R R




  







 

2

21 12

4
g

C
R R

 


4C  4C 

“Jump”



5.13. Approaching stationary state: 

examples
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• Bistability condition is not satisfied
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5.14. Dynamics of nonclassicality order
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Thank you for attention!
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5.14 Approaching stationary state: 

phase-space flow
• Eigenfunctions of flow operator (for σ=0.5):

• Flow rates for eigenfunctions:
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• Flow rates and transition probabilities for eigenfunctions:

• Trajectories (green – start, red – position after γt=10):

• Simulated probability distribution:
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