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INTRODUCTION AND PRELIMINARIES

WHAT 1S MATHEMATICAL MORPHOLOGY?

Mathematical Morphology is a theory which provides tools for image analysis.

(]

It was originally proposed by Jean Serra and Georges Matheron in the early 60’s.
o It covers a wide range of transformations: from Filters to Edge detection.

Its foundations are based on Set theory, Affine spaces and Lattice theory.

©
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INTRODUCTION AND PRELIMINARIES

WHAT 1S MATHEMATICAL MORPHOLOGY?

DIFFERENT LEVELS

There are different approaches to Mathematical Morphology, based mainly on the type of
images.

@ The original version of Mathematical Morphology relies on binary (b/w) images.

@ Then, the theory can be extended to Grey-scale Images.

o Finally, a general Algebraic Formulation of Mathematical Morphology can be given.
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INTRODUCTION AND PRELIMINARIES

OUTLINE

(]

We begin by recalling some preliminary notions.

©

Then, we will present the two most important transformations: Erosions and Dilations.

o Later, we introduce other morphologic transformations such as Opening and Closing.

©

Finally we will describe some relationships between MM and FCA.
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INTRODUCTION AND PRELIMINARIES
['HE BASIC TRANSFORMATIONS: DI o D Erosio

[ATHE I'CAL MORPHOLOGY D FORMAL CONCEP1T \LYSIS

BINARY IMAGES

A (binary) image is either a subset of Z x Z or a subset of R x R. Depending whether we
are considering a discrete image or a continuous image.

\), 3

Image in Z x Image in R x R
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INTRODUCTION AND PRELIMINARIES

SET OPERATIONS, TRANSLATIONS AND REFLECTION

We assume that the basic operations between two sets A and B are well known; i.e
Intersection (A N B), Union (AU B), Complement (A€) and substraction (A \ B).

We assume also that the notion of translation of a set A by a vector ¥ and the notion of
reflexion of a set with respect to “the origin” are known; i.e.

As={a+17€Qac A} —-A={-acQ|acA}

D, D,
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DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

STRUCTURING ELEMENTS

THE DEFINITION

Every transformation in Mathematical Morphology is defined from structuring elements.
Those elements are just images (i.e. either subsets of Z x Z or subsets of R x R) with one

origin.

C
|
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DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

THE STRUCTURING ELEMENT

SOME REMARKS

@ A priori, structuring elements do not have to satisfy any additional condition but being
images with origins.

@ But the choice of the structuring element is crucial to obtain searched results.

o Usually, structuring elements are considered small relative to the image; but there are
exceptions.

@ The number of structuring elements needed depends on the transformation. For
instance, dilations only require one structuring element, for the Hit-or-Miss
transformation are needed two and thinning is defined usually on eight.
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

THE DEFINITION

Given an image X, the dilation by the structuring element B is defined as:
op(X)={z+b|lxeXandbe B} = UXb: U B,
beB zeX

The dilation of X by B coincides with the Minkowski sum of X and B. Thus, the
notation X @ B instead of dp(X) is usual in the Literature.

REMARK

Note that for each structuring element B, we have a different dilation. So we have one
dilation per each image we can define in the domain.
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THE BASIC TRANSFORMA' S: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN Z x Z (I oF 1V)

Let us compute the dilation of the image

by the structuring element
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN Z x Z (II oF IV )
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN Z x Z(I1I oF IV )
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN Z x Z (IV oF IV )
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THE BASIC f y )\ R0SIO EROSION
[ATHE IICAL M ORMA ON( ANALYSIS Fuzzy APPROACH

DILATION

AN EXAMPLE IN R X R (I oF IV)

Let us compute the dilation of the image

by the structuring element B = .
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INTRODUCTIO D PRELIMINARIES
THE BASIC TRANSFORMATIONS: DILATION AND EROSION

I'ICAL MORPHOLOGY D FORMAL CONCEPT ANALYSIS

DILATION

AN EXAMPLE IN R xR (I or IV )

EROSION
FuzzZYy APPROACH




THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN R x R (IIT oF IV )




THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

AN EXAMPLE IN R xR (IV oF IV )

X op(X)
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

PROPERTIES (I OF II)

o Monotonicity:

o If X CY then 05(X) C ép(Y) for all structuring element B.
o If By C By then dp,(X) C dp,(X) for all image X.

o Extensiveness: If the origin belongs to the structuring element B, then X C dp(X).
o Commutativity: p(X)=X®B=B® X =dx(B)

o Translation invariance: Let 7 be a translation. Then

0p(1(X)) = 7(08(X)) = 07(5)(X).
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THE BASIC TRANSFORMATIONS: DILATION AND EROSION EROSION
FUzzY APPROACH

DILATION

PropPERTIES (II OF II)

o Distributivity with respect to Union:
0 dp(XUY)=6p(X)Udp(Y)
° 6BluBz(X) = 5Bl(X) U(SBZ(X)

o Relationship with the intersection:
° 5B(XQY)Q(SB(X)Q(SB(Y)
° 531032(‘){) C 531(X)0632(X)

o Associativity:
Xe(YoZ)=(XaY)nZ

(in terms of 0B) 0B, (dB,(Z)) = 5531(32)()() = 0p,eB,(X)
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

THE DEFINITION

Given an image X, the erosion by the structuring element B is defined as:
eg(X)={z|B.C X} = ()X
beB

The erosion of X by B coincides with the Minkowski substraction of X by B. Thus, the
notation X & B instead of eg(X) is usual in the Literature.

REMARK

As in the case of dilations, for each structuring element B, we have a different erosion. So
we have one erosion per each image we can define in the domain.
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DILATION

THE BASIC TRANSFORMA' S: DILATION AND EROSION

Fuzzy APPROACH

EROSION

AN EXAMPLE IN Z x Z (I oF 1V)

Let us compute the erosion of the image

by the structuring element
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

AN EXAMPLE IN Z x Z (II oF IV )
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

AN EXAMPLE IN Z x Z (III oF IV )
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

AN EXAMPLE IN Z x Z (IV oF IV )
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DILATION

[ATHE I'TCA OR OLOGY OR \ ON( ANALYSIS FuzzZYy APPROACH

EROSION

AN EXAMPLE IN R x R(I oF IV)

Let us compute the erosion of the image

by the structuring element
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INTRODUCTIO D PRELIMINARIES DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION

I'TCAI [ORPHOLOGY D FORMAL CONCEPT ANALYSIS FuzzZYy APPROACH

EROSION

AN EXAMPLE IN R xR (I or IV )




‘ CTIO D PRELIMINARIES DILATION
THE BASIC TRANSFORM/ NS: DILATION AND EROSION

I'TCAI [ORPHOLOGY FORMAL CONCEPT ANALYSIS FuzzZYy APPROACH

EROSION

AN EXAMPLE IN R x R (IIT oF IV )
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION
AN EXAMPLE IN R xR (IV oF IV )

X ep(X)
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

PROPERTIES (I oF II)

©

Monotonicity with respect to the Image:
If X CY then eg(X) C ep(Y) for all structuring element B.
Antitonicity with respect to the Structuring element:
If By C By then ep, (X) D ep,(X) for all image X.

(]

o Aniti-extensiveness: If the origin belongs to the structuring element B, then
ep(X) C X.

o Translation invariance: Let 7 be a translation. Then

ep(1(X)) = 7(ep(X)) = e_-(5)(X).
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

EROSION

PropPERTIES (II OF II)
o Relationships with the union of images: eg(X UY) D ep(X)Uep(Y).

o Distributivity with respect to intersection of images:
EB(X N Y) = EB(X) N EB(Y).

@ On union and intersection of structuring elements:
° EBluBg(X) = EBl(X) N EBZ(X)

e EBlﬂBz(X) 2 €B; (X) U GBz(X)
e Serial Composition (Instead of Associative property):
€B; (632(2)) = 6631(32)(X) = €B1®B; (X)

Note that erosions are not commutative. So for erosions is important to distinguish
between image and structuring element.
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DILATION

THE BASIC TRANSFORMATIONS: DILATION AND EROSION

Fuzzy APPROACH

RELATIONSHIP BETWEEN EROSION AND DILATION

DuaLiTy

THEOREM (DUALITY)

Let X be an image and let B be a structuring element. Then:
(0B(X))* = e-B(X")

where —B = {—b | b € B} is the reflection of B with respect to the origin.
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INTRODUCTIO D PRELIMINARIES DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION

[ATHEMATICAL MORPHOLOGY AND FORMAL CONC(

PT ANALYSIS FuzzZYy APPROACH

RELATIONSHIP BETWEEN EROSION AND DILATION

ADJOINT PAIRS

THEOREM (ADJOINTNESS)
Let X and Y be two images and let B be a structuring element. Then:
5B(X) CY «— XC GB(Y)

REMARK

The above result is equivalent to state that (0p,ep) forms an adjoint pair for all
structuring element B.
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INTRODUCTIO! D PRELIMINARIES DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION ERoSION

[ATHEMATICAL MORPHOL( AND FORMAL CONCEPT ANALYSIS

Fuzzy APPROACH

Fuzzy IMAGE

DEFINITION

A fuzzy image F is a fuzzy set on the Euclidean plane R?; i.e. is a mapping
F:R? = [0,1].

Structuring elements are defined as usual:

DEFINITION

Fuzzy structuring elements are fuzzy images with one origin in R?
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INTROD DILATION
THE BASIC TRANSFORMATIONS: DIL-\TI()\I AND ER()\I()N ERoSION

[ATHEMATICAL MORPHOL( AND FORMAL CONCEPT ANALYSIS

DILATION

Let us recall the classical definition of dilation. Given an image X (i.e. a subset of R?),
the dilation of X by the structuring element B is defined as:

:UBx
zeX

DEFINITION

Let ® be a conjunction. Given one fuzzy image F' and one structuring element B, the
fuzzy dilation of F' by B is the fuzzy image defined by:

=\ Bz-y) ®F(y)

yER?
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INTR( CTIO D PRELIMINARIES DILATION
THE BASIC TRANSFORMATIONS: DIL-\TI()\I AND EROSION ERoSION

[ATHEMATICAL MORPHOLOGY A ONCEPT ANALYSIS

EROSION

Let us recall the classical definition of erosion. Given an image X, the erosion of X by the
structuring element B is defined by:

eh(X)={2€R*| B, C X}

DEFINITION

Let — be a implication. Given one fuzzy image F' and one structuring element B, the
fuzzy erosion of F' by B is defined as:

g (F)(@) = A\ Bly—1z) = F(y)
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DILATION
THE BASIC TRANSFORMATIONS: DILATION AND EROSION ERoSION

DILATION AND EROSION

PROPERTIES

@ Dilations and Erosion are translation invariant, that is, for all translation 7

T(05(F)) =d5(r(F))  and  7(e5(F)) = g (r(F))

o Dilation commutes with supremum: 0% (\/,c; F;) = Ve 05 (F3)

e Erosion commutes with infimum: ez (A;cr Fi) = Nicr €5 (F3)

PROPOSITION

Let — be an implication and ® be a conjunction on [0,1]. Then:
(®,—) is an adjoint pair <= (8%, €5 ) is an adjoint pair

for all structuring element B.

MANUEL OJEDA-ACIEGO



U D PRELIMINARIES
['HE BASIC TRANS s: D1 o D ERrRoOSIO

MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

Fuzzy PROPERTY-ORIENTED CONCEPT LATTICES

RECALLING THE BASICS

DEFINITION

Let (Pl, §1), (PQ, Sg), (Pg, Sg) be posets and &: P, X P, — Pj, /: P3; x P, — Py,

N P3 x P| — P, be mappings, then (&,.,\) is an adjoint triple with respect to
Pl, PQ, P3 if:

©Q & is order-preserving in both arguments.

@ . and \_ are order-preserving on the first argument and order-reversing on the second.

Qzr<izyy iff x&y<sz iff y<ozN =z, whereze P, y€ P and
z € Ps.

Godel, product and tukasiewicz t-norms, together with their residuated implications, can
be seen as examples of adjoint triples.
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YU D PRELIMINARIES
['HE BASIC TRA S: DILATION AND EROSIO!

MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

Fuzzy PROPERTY-ORIENTED CONCEPT LATTICES

FRAMES AND CONTEXTS

DEFINITION

Given two complete lattices (L1, <1) and (L2, <2), a poset (P, <) and one adjoint triple
with respect to P, Lo, L1, (&,"\), a fuzzy property-oriented frame is the tuple

(L17L23P7 jla j?a §>&a\)

DEFINITION

Let (Ly, Lo, P, &,\) be a fuzzy property-oriented frame. A context is a tuple (A, B, R)
such that A and B are non-empty sets (usually interpreted as attributes and objects,
respectively), R is a P-fuzzy relation R: A x B — P.

From now on, we will consider a fixed fuzzy property-oriented frame (L1, Lo, P, &,\) and
a fixed context (A, B, R).
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MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

Fuzzy PROPERTY-ORIENTED CONCEPT LATTICES

NECESSITY AND POSSIBILITY OPERATORS

DEFINITION

The mappings ": LB — L4 and +" : L4 — LB are defined as

g"(a) = \/{R(a,b)&g(b) | b€ B}
) = A{f(@\ R(a.b)|ac A}

These definitions generalize the classical possibility and necessity operators.
Moreover, (Tn,iN) is an isotone Galois connection (also known as adjunction) and,
therefore, 114" ; L8 — LB is a closure operator and LS L{t — L' is an interior
operator.
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U D PRELIMINARIES
['HE BASIC TRANS s: D1 o D ERrRoOSIO

MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

Fuzzy PROPERTY-ORIENTED CONCEPT LATTICES

THE DEFINITION

A concept, in this environment, is a pair of mappings (g, f), with g € LB, f € L4, such

that ¢’ = f and fiN = g, which will be called fuzzy property-oriented concept. In that
case, g is called the extent and f, the intent of the concept.

DEFINITION
The associated fuzzy property-oriented concept lattice to the fixed frame and context (or,
the concept lattice of (A, B, R) based on rough set theory) is defined as the set

Fiuv ={{g, f) e LB x LA | g™ = f and f*" = g}

in which the ordering is defined by (g1, f1) = (92, f2) iff g1 =2 g2 (or equivalently
f1 =1 f2).
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YU D PRELIMINARIES
['HE BASIC TRA s: D1

\ND EROSIO

MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

AN ABSTRACT APPROACH TO MATHEMATICAL MORPHOLOGY

ALGEBRAIC FORMULATIONS
DEFINITION

Let (L1,<1) and (L9, <) be two complete lattices:

o A mapping : L1 — Lo is called an erosion if for all X C L; we have:

e(NX) = Npex &(2)

e A mapping d: Ly — L is called a dilation if for all Y C Ly we have:

(VYY) =Vyey d(y)
THEOREM

If (¢,0) is an adjoint pair, then ¢ is an erosion and ¢ is a dilation.

On the other hand, the converse can be written in the following sense:
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YU
['HE BASIC TRA s: D1 ION AND ER

\ N N LROSIO!
MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

ADJOINTS, DILATIONS AND EROSIONS

FROM AN ALGEBRAIC STANDPOINT
THEOREM
Let e: Ly — Lo be an erosion. Then there exists exactly one dilation .: Lo — Ly such

that (e,d.) forms an adjoint pair. Specifically, such a dilation can be determined by the
expression for every Y € Ly:

5:(V)= \{Z € Ly | Y <e(2)}
Similarly, for every dilation §: Lo — Ly there exists exactly one erosion e5: Ly — Lo such

that (5,0) forms an adjoint pair. Moreover, such an erosion is determined by the
expression for every X € Ly:

es(X)=\/{Z e L |6(2) <X}
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MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

THE FIRST EXPLICIT LINK

In some sense, a first link between both theories can be straightforwardly obtained from
the previous Theorem, using the fact that the necessity and possibility operators form an
adjunction (or isotone Galois connection). Therefore, we have:

PROPOSITION

Every necessity (respectively, possibility) operator of a property-oriented concept lattice is
an erosion (resp., dilation).

The converse is also true in some sense. That is, any erosion operator £ can be identified
with the necessity operator associated to some fuzzy property-oriented concept lattice.
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YU
['HE BASIC TRA s: D1 ON AND ERr

MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT AN

DEEPER RESULTS

BUILDING DERIVATION OPERATORS ASSOCIATED TO ER()SI()NS/DILATI()NS
THEOREM

Consider two complete lattices, L1 and Lo, and an erosion operator €: L1 — Lo, then
there exists a frame (L1, Lo, P, &,\), a context (A, B, R) and two isomorphisms

b1: L1 — L{Y, ¢po: Ly — LE, such that e = ;' o W o ¢y, where V" is the necessity
operator associated with the frame and context.

Similarly, we have

THEOREM

Given two complete lattices, L1 and Lo, and a dilation operator €: Ly — Lo, there exists
a frame (L1, Lo, P, &,\), a context (A, B, R) and two isomorphisms ¢1: L1 — Lf,

¢2: Ly — LB, such that § = ¢; ' o T o ¢y, where T is the necessity operator associated
with the frame and context.
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MATHEMATICAL MORPHOLOGY AND FORMAL CONCEPT ANALYSIS

CONCLUSIONS

@ The existence of these first links allows for foreseeing future developments in which
both frameworks can be merged, so that algorithms given for fuzzy concept lattices
could be applied to mathematical morphology and vice versa.

o As future work, we will further extend the link by considering extended frameworks in
both topics.

o On the one hand, using the new theoretical results recently obtained on the constructions
of Galois connections within multi-adjoint concept lattices.

o On the other hand, considering recent advances in fuzzy mathematical morphology, for
instance, lattice morphological image processing which uses L-fuzzy sets as images and
structuring elements.
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