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Motivation
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Single-qubit operations in the standard basis

Bit flip o _ (Ol)gl()) (Ol):fll) _(0 1) _
X (<1|X|0> iginy ) =1 0) 7%
Phase flip Z = l _01 ) = 0y
1 O
S-gate § = ( 0 i )
T-gate T ( 0 ein/4 )
Hadamard gate A = LT L(o' +03)



Two-qubit operations in the standard basis

Controlled-NOT
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01020
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SWAP gate

SWAP = CNOT1,CNOT,,CNOT

OO O -

o - 0O 0O

O =0

B = {/00),01), [10), [11)}

=10)0|@ T+ [IX1|®@ X =Py@[+P®X

= @00+ X ®|1X1|=I® Py + X ® P,

-0 O O




Standard model of quantum computation: quantum circuit

Initialization
00 ... 0>

Processing
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single-qubit operations
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two-qubit operations

Universality ability to compute any computable function

Fault-tolerance ability to compute for arbitrary duration of time

Scalability ability to compute problems of arbitrary size




Universal set of quantum computing operations

Universal set of quantum computing gates is the set of operations that allows us to
implement any computable function, i.e. any quantum computation algorithm or any
unitary operation over n qubits, on a quantum computer.

Universality in quantum computation means the ability to generate an arbitrary el-
ement of the group of special unitary operations over n qubits, that is, an arbitrary
element of the group S U(2").

Solovay-Kitaev theorem
Given a set of gates that is dense in S U(2") and closed under hermitian conjugation,

any gate U € SU(2") can be approximated to an accuracy € with a sequence of
poly[log(1/€)] gates from the set.

Example of a universal set:

any single qubit operation and one entangling gate



Overview

Geometric theory of two-qubit operations

e local invariants

 Cartan decomposition and three-torus

* Weyl chamber and local equivalence classes

* local equivalence classes of perfect entanglers

Applications
* superconducting electronics
e trapped 10n quantum computing

Geometric theory
Phys. Rev. A 67, 042313 (2003)

Universality

Phys. Rev. Lett. 91, 027903 (2003)
Phys. Rev. A 69, 042309 (2004)
Phys. Rev. Lett. 93, 020502 (2004)

Phys. Rev. A 89, 032301 (2014)

Optimal control applications

Two-qubit gates as a metric space
* metric and invariant volume
 how large are control targets?

Optimal control applications
Phys. Rev. A 84, 042315 (2011)
& a work 1n progress

Metric properties and applications
Entropy 15, 1963 (2013)

 what is the volume of the space of perfect entanglers?



I. Geometric theory of two-qubit operations

Jun Zhang
K. Birgitta Whaley
Shankar Sastry

Phys. Rev. A 67, 042313 (2003)
Phys. Rev. Lett. 91, 027903 (2003)
Phys. Rev. A 69, 042309 (2004)
Phys. Rev. Lett. 93, 020502 (2004)



Two-qubit gates

Unitary operators acting on the state of two quantum bits
U:H - H*
form the group of four-by-four unitary matrices U(4):
U4)=U(1)eSU@4)

where U(1) is a global phase and SU(4) 1s the group of four-by-four unitary
matrices with unit determinant.

Examples: in the standard computational basis: 8 = {|00), |01), [10), [11)}

1 000 1 1 1 1
0100 -1 1 -1
U=l00 1 0 Unen =351 1 _1 _1
0001 1 -1 -1 1
1000 100 0 10 0 1
o100 o100 _1]0i i 0
Uenor=19 0 0 1 UcprasE=| o 0 1 o Ye="5lo1 -1 0
0010 000 -1 i 0 0 —i
1000 V20 0 0 (1+i 00 0 10
U loo10 Up L O 10 i} e™Bl 0 14 0 Ucwine| 0O
DENOT =10 0 0 1 =l o i o 1| YvswAPT T 5 0 i1 0 SWAP=1 0 1
0100 0 0 V20 0 00 1+i 00




SU(4) eroup and su(4) algebra

SU(4) group e2ijYijTij — Z 6, jT ij su(4) algebra

]
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Cartan decomposition of su(4)

su4)=kep [k,k] C k
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Cartan decomposition of SU(4)

UeSU@4)

' 1.2 1.2 1.2
( C1 ‘rx‘rx+ C9 (T\,(T},+ C3 (FZ(FZ ) k’)

B~

U = kfAky=kye

—

ki, ky e SUQ)®SU(2)

Parameter counting;:
6 + 3 + 6 = 15 = 42-1

If two gates have the same A4 in the Cartan decomposition, they are
locally equivalent:

Uy = kU



Local equivalence and construction of local invariants
Two gates are locally equivalent if they differ only by local operations

Ul — klU?_kQ ki, kp e SUQ2)®SU(2)

Construction:

1) Cartan decomposition (fix: the standard computational basis)

1 1 .2 1 .2
C F(T +-C (r(r + C (F(F“
U = /\1A/\7——/\|(’( L 2 3 )ko

'

2) transformation into the Bell basis 10 0 1 00 >— %(loo > +[11 >)
Q= 1104 ¢ 0 01 >— %(ml > +10 >)

V2101 -1 0 110 >— %(|01>—|10 >)

t: 0 0 —2 111 >— ﬁ(mo > —|11 >)

Ug=Q'UQ=Q"k10 Q"AQ 0"k,0 = 01F 0,

01,07 € SO(4) 0. O =1

Cl —C2+C3 .C.‘1+C2—C3 .C1+C2+C3 .—Cl+c.‘2+c‘3 }

F = Q'AQ = dlag{ 2 e 2 e 2 e 2

J. Makhlin, QIP, 1, 243 (2003)
2/2{0 0 Jyay, o 02} — 2/2{02, —02 0102} J. Zhang, J. Vala, S. Sastry, K.B. Whaley
Phys. Rev. A 67, 042313 (2003)




Local equivalence and construction of local invariants

Ug=Q'UQ=Q"k10 Q"AQ 0"k,0 = 01F 0,

3) elimination of the local part O,

m = UEUB = OgFO{0|F02 = 0517202

Ol Oy =1
rZ — dlag {el‘(Cl—C2+C3). €i(’Cl+02_C3), ei(_C1+C2+C3)’ ei(—Cl+C2+C3‘)}
4) characteristic equation of m and elimination of O,

1
M —tr(m)\? + 5 [trQ(m) — tr (-7'7'2.2)] M —tr*(m)A+1 = 0
F? determines the spectrum on the Makhlin matrix m: tr(m) = tr(F?)

[Local invariants

g1 = Re{%} gy = Im{%} gy = r°(m) . r(m*)

J. Makhlin, QIP, 1, 243 (2003) J. Zhang, J. Vala, S.Sastry, K.B. Whaley
Phys. Rev. A 67, 042313 (2003)



Local equivalence classes

Local invariants:

g1 = Re{tll(—(jm)} gy = Illl{w}_ 3 = t1 (m) . tr (m )

Uniquelly characterize a class of gates that are equivalent up to local, single
qubit, transformations; they define local equivalence classes [U].

Relation between the Cartan decomposition and local invariants:
o(F?) = { e i(cl-c2+c3), e i(cl+cz—c3), e-i(cl+02+c3), el(-cteytes) }

1

9= 7 [cos (2¢1) 4 cos (2¢9) + cos (2¢3) + cos (2¢1) cos (2¢9) cos (2¢3)]
1
92 = 7 sin (2¢q) sin (2¢9) sin (2¢3)

g3 = cos(2c1) + cos (2c9) + cos (2¢3)



Weyl chamber

Non-local factor 4 of the Cartan decomposition has the structure of three-torus

if . 1
A= (_’2( €1 Ix9:

Local invariants 91
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1
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{Xea:c,—c3=0}, {Xeac,+cy3=m}
cos (2¢1) + cos (2¢9) + cos (2¢3)

{Xeaic,—c3=0}, {Xeac,+c3=m}

are invariant with interchanges of ¢,, ¢,, and c; with & without sign flips:

J
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J. Zhang, J. Vala, S.Sastry, K.B. Whaley

Phys. Rev. A 67, 042313 (2003)

symmetry
reduction

symmetry
reduction

Weyl chamber



Examples

Each point inside of the Weyl chamber corresponds to one local equivalence class.

This 1s unique with except of the base of the Weyl chamber.

point (gate) 1 co | c3 7 g9 g3
0, A, ([]) 0, 7 010 | 1 0 | 3
As ([DCNOT)) /2 /2| 0 0 0 —1
A3 ([SWAP]) /2 /2 | w/2 | -1 0 -3
B ([B-Gate]) /2 /4| 0 0 0 0
L ([CNOT)) /2 0 0 0 0 1
P ([V/SWAP)) /4 /4 | /4 /! 0
Q, M /4, 3n/4 | w/4 0 1
N 3m/4 /4 | /4 0

R /2 /4 | /4

[SWAP]




Perfect entanglers

Definition
A two qubit gate 1s called a perfect entangler if it can produce
a maximally entangled state from a product state.

Theorem

A two qubit gate U is a perfect entangler 1f and only if the convex hull
of the eigenvalues of the Makhlin matrix m(U) containes zero.

Polyhedron [SWAP]
of perfect entanglers

o o
SSetosctot =7,

3w ™
_\CI'+C/\'SCI>+Cj+ 5%27",

2

Examples
CNOT
o[m(CNOT)] ={1, 1, -1, -1}

J. Zhang, J. Vala, S.Sastry, K.B. Whaley A
Phys. Rev. A 67, 042313 (2003)



Weyl chamber and local equivalence classes

Local invariants

Weyl chamber coordinates
[SWAP] 81> 82> 83

e x
= z ~———
e -
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[CNOT]
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I. Applications

Jun Zhang Superconducting electronics
K. Birgitta Whaley Phys. Rev. A 67, 042313 (2003)
Shankar Sastry

Vladimir Malinovsky Trapped ions

Phys. Rev. A 89, 032301 (2014).

Ignacio Sola




Application I: superconducting electronics

Josephson junction charge-coupled qubits

A QE P - 2
H= _TL (0')1c + 0'%) +a“Ef, a}l,cr_;
curvature translation

Weyl chamber trajectory:  c¢1(t) = a?Ert — w(a,t),
co(t) = a?Ert + w(a,t),

C t — O. _ 2 1
3( ) w(a,t) = tan 1 (%5H)
T T T T
Sm| ] S®| ]
4 4
o
e L R RS S S A I WU S
© 2 perfect © 2 B an
entanglers 4
T SN o N | I | N | B | I [ I/ S 8% h
4 ' 4 2
R . |
4 [C;J OT4] < 54 3 ; 4 s 75/2 315/4 -
/g s 2 78 ™
0] T/ i O T/ 72/1 / =08, ¢ =80

a=1.1991, t = 2.7309 a=1.1991, t =20




Application II: quantum computation with trapped 1ons

Two distingushable qubits, ions, in one-dimensional harmonic trap

(1)
PUP E
Hy = hv(ata + ;) + 272(1 —0)

- l
interacting via electromagnetic field

Vine(1) = _hZQj(”) coslwit +¢; —n;@ +a)l o, +H.c.

Jt
S [11n+1)
N (b)
[1172)
o =9; TR
2 |[10n + 1) J,
8 8 / |107) s
2 ] [10n — 1) , /
[0l + 1) :
[OL72) /

|01 — 1)

|00 + 1)

|0072)

|00 — 1)



Effective Hamiltonian

Qet) )\
Heff:_h(szzm szacm) !

a) [00n>, |11n>:

Qac(t) = n*Q3(1)[n /81 + (n + 1)/8,1/2

[0 + 1)
Q. (1) = Qua(t) = N> Q1) [n(e'? + €'%4)/5, o1
+(n 4+ D)(e? + '91)/5,]/4 ot 1)
b) [01n>, |10n>: N D — |i1n+1)
|117)

Qac(t) = *Q3(O[1/8, — 1/811/4

Q1) = Q3(1) = > Q1) ——€' P — i @5~
&2 o1
_ M gign Mt | [ 4
&2 O

|00 + 1)

|0072)

|00 — 1)



Effective Hamiltonian with two laser fields

Two 1ons excited by two laser fields: @)

5 = —81 = & P = P = P3 = P
b1 = ¢y = Ps = Py

0172 + 1)

a) [00n>, [11n>:  Quc(t) = n*Q(0)[n/81 + (n 4+ 1)/521/2
. L, [0172)
Q.(t) = Qui(t) = n*Q§(1)[n(e'? + %)/ Ol — 1)
+ (n + 1) + ¢'%13)/5,]/4

b) [01n>, [10n>:  Quclt) = 12Q3MO[1/5, — 1/8,1/4

T [11n+1)
v ] ; ) c b) 4

Qe(1) = Q3(1) = nzsz%(r)[me'@*%) _ e “ 1)
52 o1 5, tin -1

_ (;_i G @) 4 % ei(¢§—¢4)] / 1 ) N

Que(r) = n2Q22(1)/(280) «

acll) = 1)7asp\l 0 /),

/

Qua(t) = n*Q3(1)e' @92 /(25))
Qp3(1) = 7729%(1)/(250)

[007 + 1)

|0072)

—————————————————

|00 — 1)




Solution and decomposition

Hr(t) = —hn*Qg(1)/(280)[cos(¢ /2)a  — sin(¢y/2)a ;] ® [cos(¢py /2)o, — sin(¢, /2)o ]
by =1+ P2

Ui(€) = exp [—’ﬁ f Hm')dr'] = expli& (D)[cos(s /20, — sin(s/2)0,] ® [cos(ds/2)0x — sin(¢y /2)6 1)
0

cos&(t) 0 0 ie'+ sin E(t)
. 0 cos&(t) isiné&(r) 0 2t 32040
= 0 isinE(t) cos&(r) 0 §(1) =~ Jo dr'S(1')/(250)
ie” %+ sin E(1) 0 0 cos &(t)
cos &(t) 0 0 i sin&(t)
: _ _ 0 cosé&(t) isiné&(r) 0 _ B
_ 1£(t)o Q0 1 | - . 1 1
Ui§) = C1® Cae Cre6 =aet) isinE(t) cos&(r) o | @&
Cl ) = €i¢+05/4 i sin&(t) 0 0 cos&(1)

Ut (é) — kl (¢+)Uxx (E )k2(¢+)

The entangling capabilities of the gate U/(E) are invariant to systematic
variations of the phase ¢, , including phase errors in applied laser fields or
imperfections of the physical implementations.



Phase error invariant subspace

Hr(t) = —hn*Q5(1)/(280)[cos(¢ /2)a . — sin(¢y/2)0 ] ® [cos(¢py /2)a , — sin(¢, /2)a ]

- 0 it/ 0 it/
= —hn Q0(’)/(230)(e—i<z>+/2 0 )®(e—i¢+/2 0 ) b+ = d1+ P
cos&(1) 0 0 i sin&(r)
. 0  si 0
Ui§) = C1 ® Cre* el =Cio G| icsf)iili((rt)) ’c:?ss((;)) o | ea
| i sin&(1) 0 0 cos £(7)
C1,2 — e’¢+0:/4
( e®+/12 0 0 0 )
Cr & Co = e+/4 0 ed+/4 0 Y | 0 10 O
1OR2= 0 4 ) 0 e#4)T 0 01 0
. 0 0 0 +/2

The subspace spanned by the basis {|01>, |[10>} 1s invariant to
random fluctuations of the phase of the two laser fields.



CNOT

cos &(t) 0 0 i sin&(r)
: _ _ 0 cosé&(t) isiné&(r) 0 _ _
Ui(§) = C1 ® Cret=®=Ccrl @ ' =1 ® C - - cr'®cy!
t(é) 1 X 2€ 1 X 2 1 ® 2 0 ISIHE(I) COS?E(T) 0 1 X 2
i sin&(t) 0 0 cos&(1)

CNOT gate is obtained using additional single qubit operations when &(#) = w/4:

Uenor = ¢"/* By ®IC1-1 ®C ( )Cl ® CrA1 ® A

m=g(0 1) a0 ) e )
0O O
— B QI l

A1 ® A
V2

I [
1 0 i 0
O ¢ 1 O
i 0 0 1



Conclusions

Geometric theory of two-qubit gates

« provides powerful representation of two-qubit local equivalence classes;
* allows insights into structure and properties of perfect entanglers;

e gives intuitive picture of two-qubit quantum evolution;

* enables analytical construction of two-qubit quantum circuits;

* leads to new gates and implementations.

Optimal control applications

* relaxing constraints on the optimization target relaxes constraints on
physical interactions, optimization process and implementation;

e optimization to a given local equivalence class converges faster and
more reliably;

* optimization to the set of perfect entanglers promises to maximize
entanglement generation, preliminary results are quite encouraging

Metric properties
* derived expressions for the invariant length element and volume in
the representation particularly suitable for quantum information processing;
* true size of optimization targets; the largest in the center of the Weyl chamber;
» perfect entanglers are (almost) everywhere!



Thank you!



