Quantum nonlinear gates with continuous

variables

A measurement based approach to nonlinear interaction
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Teleportation-based implementations of quantum optical
continuous-variable gates

e Can we generate arbitrary quantum optical evolution using available
experimental tools without resorting to highly nonlinear medium
such as Kerr medium.

e Driving a quantum system to a desired state by coupling the input
to a ancilla and then making a measurement on to the input

Quadratic gate teleportation Nonlinear gate teleportation
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Gaussian operators Non-Gaussian operators
e Beam splitters = ef(3a1-3]2) e Photon detectors

e Phase shifters = ¢i?3'4 e Photon subtraction
e Displacement operators e Marek, Filip, Furusawa
= goél—a"3 method = [ e dx or

4 -4
e Squeezing operation = e@ even'f3e’tx dx s
= ™" or = X

Homodyne detection

e Adaptive measurements



Correspondin athematical problem

e Aims to prove the principle. Are all operators accessible?

e Lacking a systematic recipe for converting the optical tools that are
presented into an arbitrary unitary operator using the continuous
variable gate teleportation model.

e How to avoid redundancy?



Gaussian decompositions
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e Gaussian operators corresponds to linear mode transformations, thus
matrix representation and matrix decomposition techniques can be
used

e Two level matrix decomposition - Reck, Zeilinger decomposition

e Singular value decomposition - Bloch, Messiah decomposition
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e Decomposition to quadratic operator and the (Universal linear
Bogoliubov transformations through one-way quantum computation,
PRA, 2010)
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n-Gaussian operator

o eitt(aal) 2 {F, et oitX? eitX3}
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g, B p 4 4 2 p2 232
o eit’ — oit(X*+P'+X2P2+P2X?)

1. Rewrite the Hamiltonian in terms of monomial Hamiltonians and
rewrite each monomial Hamiltonian as a linear combination of
commutations of the elementary operators you employ

2. Split the Hamiltonian into separate commutation and nested
commutation operators and realize each separate element through
the tools we posses in such a way that it will fit into our gate

teleportation setup.



Operator relations

XmPn+anm _ (n+1)(m+1)[Xm+1 Pn+1] n+1 Pn k [Xm Pk]]
m 2 m—1 3 2
X" =——— X", [X°, PY]
3(m—1)
m 2 m—1 3 2
P == [P [P X7
3(m—1)

For example Kerr gate is:
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o e3ititXiXe _ oitiXiPs gitsX] g —2it1 X1 P2 gite X3 giti X1 P2 g —2it2 X5

it2X)  @itX] P2 gitX Xo o —itX] Py g —itX] X
S XPXE _ aitXiP2 gita X o —2it1 X1 P2 oita X] pit1 X1 P2 g—2ita X3 g— Fit} t2X{

itV X3 +ity(XP+PX) _ of <*g(1 6_3'2)>X3 ita (XP+PX)

® C @

S.S., van Loock, PRL, 2011



Operator approximations

e Splitting approximations: (Trotter-Suzuki-Yoshida approximations)
eH(A+B) = et L (12, A, B) + ...
et(A+B) = e3hetBesA 1 (13 A, B) + ...
etAB) — Q,(st)Qu(s't)@a(st) + F(t5, A, B) + ...

e Commutation approximation
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et (AB—BA) _ e:tBe:tAe :tBe 'tA+f(t3)+...

eit3[B,[B.,A]] _ eitBetz[B,A]efitBeftz[B,A] + f’(t“) +
and for the nested commutation operator with reasonable interaction

and error, millions of operators are needed

e It is possible to use Suzuki's idea on commutation approximations as
well.



Method for approximations

Iog( c1itA CzlfBeC3ItA .ecwitB) _ fltA + thB + f3t2[A, B] 4 f4t3[A[A, B]]
+5t°[B, [A, B]] + fst*[A, [A, [A, B]]]
+t4[B,[A, [A, Bl]] + &t*[B,[B,[A, B]]] + ...

Can be calculated by repeatedly applying Baker Campbell Hausdorff
formulas or any equivalent method: M.Reinsch, A simple expression for
the terms in the Baker-Campbell-Hausdorff series 2000.

Solve the polynomials: fi, f>, ..., obtain the values of ¢y, ¢y, ... which is
another technical difficulty. Homotopy continuation method is

recommended.

et [AB] _ el.2ltAefltB672.121ltA671.68011‘3670.019/tAel.602/tB eZ.O25:tAe2.743ltB 60‘061’tA

e—1.1701tBe—3.2351tA60.0181tBel.5191tAe—0.9891tBe0.571/tAeO.476/tB + f‘(t.ﬁ7 A, B) +



e/t [A,[A,B]] _ eo's’tBe_'tAe_’tBe’tAe’tBe’tAe_’tBe_’tAe0'5’tB+f(t5, A, B)+ B

o AJABI] _ L0.5itB o—0.912itA ,—itB ;2.430itA ,—0.531itB ,0.184itA L2itB ,—0.477itA

e
71.6591tB670.7611tAel.4651tBel.lSlltAefl.312ltBe71.654ltAe0.5371tB 4 f(te, A, B) 4

e

e
Use the concatenations of first-step approximations. For example a fifth
order nested commutation:

Qs(pit) : etV IAABIH(pt) F+(pit) 6.

Qo(t) = I1; Qs(pit)

e AABI — Qq(1)Qs(1.2t) Qs(—0.9480481) Qs(—0.830428t) Qs(1.049237¢)
Qs(—0.887661) Qs5(1.35820t) Q5(1.32998¢) + f(t'°, A, B)
For interaction time 0.1 and the dominant error term 103, number of

operators for the commutation operator reduced from 4000 to 45 and for
nested commutation 107 to 120 9



Kerr gate

Expressing Kerr interaction e®X’+P*)* through the elementary gate set

. 4 2 p2 2 32 4y 7 f . 2 : 3
e:t(X +X P +P-X*+P*%) 2 {’,_—7 emx7 e:tzx 7e:tgx }

= o= itdDX.DXC PP—it§ [P [P X?) - §[X°,P?]

. 1p2 il w3 /P2 i y3 s/ p2 /3 o/ p2 s y3 s ! p2
eIO.StF’ e it' X e it' P eltX e/tP eltX e it' P e it' X e/0.5tP
: Iy2 /P32 o/ p3 o nly2 /P32 o/ p3 s 7 y?2
elO.5tX e it' P e it' X eItP e/tX eltP e it' X e it' P e/O.StX
il P33 P31 y3
eltPe/tXe ItPe it X

t = —0.605706t%/3
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Numerical simulation of the decomposition

Exact evolution and the decomposed evolution is applied to the same
coherent state

Real part of the exact evolution and the decomposed evolution

0s
-0,
"0 = 0 5 10
Imaginary part of the exact evolution and the decomposed evolution

00
0.02 /\
-0.02

Ho = [ 5 10

e Interaction time is 103

O (1 — | <7/}exact|7/)appro><imate> D < 10°°
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Errors depends on the interaction time. 1072 Err.< 1072

Depends on the input state, av. 25 photon Err.< 1072.

Depends on the quality of the operators, a first order approximate
cubic phase gate increase errors. Err.< 1072

Higher order interactions can be generated by multiplying
decompositions for weak interactions.

Initial: 0.6 x 10~3 Total: /2,
Initial: 10~3 Total: /2, Err. nha fotal: m/
P higher order approximation. Err.
=10 <1073

Real part of the and the decomposed evolutior
ogeal par compos

g&/’k

Imaginary part of the exact evolution and the evolution % - -« -2 o 2 4 & 8 10




Kerr decomposition with minimal teleportations

e Avoid any specific operator approximations and instead, utilize a
more brute force approach especially tailored for the Kerr interaction.

e Decomposing the Kerr interaction using the concatenations of the
following set of interactions:

itX3itx* itP3itP*
{e ;e = (1)
© L 1/2p3 s pd s 1/243 o yed o L 1/2p53 s nd - 1/243 ) L y4
elplt P>+ipy tP elp3t X°+ipstX e/p5t P> +ipetP elp7t X +ipgtX ) (2)

eit(x%rPZ—;)2 o et(XHP+E1X2,P)

22 21/2p3  4:1/243 _ 21/2p3 | wpd 4 .1/2y3 | - yh
eln ,;\\J,elt Peglt Xe it P+ltPe igt X+itX ) (3)

We found similar errors

S.S., Vaibhav, van Loock, PRA, 2013 13



Two mode operators

e An entangling gate: beam splitter or equivalently e1®% required

1
(n+1)(s+1)
Single mode operator relations also required to tailor the interaction
for each mode.

'Df@ P; - = [P5+1,[P{'+1,X1 ®X2]]

Are these operators accesible?

O1(X1, P1) ® 03(Xa, P2) @ ... + Of (X1, P1) ® O (Xa, P2) @ ...
For example:

X1P1 ® XoPs 4+ P1 X1 ® P X

14



e Cross Kerr gate

g 2 2 2 2 ? : 2 2 . 3 2 . 8 .
elt(X +P )1®(X +P )2 {EIO(X +P )’ eltl)(7 eItQX 7elif‘;;)( 7eltX1®X2}

et([P3 [P X1 @X]] = [X3 [P Xa @ Po]] = [P3,[XF, PL@X]I+X5, [XF, PL O Pa]l)

O eit(X2+P2)1®(X2+P2)2 - eitX12®X22 eitXf®P22 eitPf®X22 eitP12®P§

e3l'tft2X12X22 — eit1X1P2 eith;e—ZI'thPQ eit2X24 e/t1X1P2 e—2l’i‘2)(£1 e_%itftZXf

e When applied to Fock states leads to entanglement and errors are
smaller since the input is weak energy. We can use a decomposition
for 0.15. Applied 20 times to get an amplitude of w. Errors are

smaller than 1073,

15



Amplifying weak interactions thro Gaussian operators.

o o P 7 1 O e s e

Quantum circuits for amplification of Kerr
nonlinearity via quadrature squeezing

e One can use squeezing to amplify the weak cross Kerr interaction
with the condition that the second mode is limited to single photon
level
M3 =21@2m+1)2m—1) = i(a—al) Iy =21(a2+a])(2m—1

o M3=3502m+1)2m—1) T2 =3(aj—a;) T =3(at+a; )(2n2—1)

e [1,[5, I3 satisfy the commutation relations of the generators of the
SU(1,1) group

o o3 — @ifil2 gioTs gifls gioT3 gibi T

e How does it fit into our gate teleportation scheme?

e State dependent decomposition and amplifying non-Gaussian states
through Gaussian operators. Might be applied to many operators. 16



Decomposing Artificial
Interactions




Hamiltonians of Fock space

Transformation — Hamiltonians — Decompositions

Is it possible to express arbitrary unitary transformations acting on finite
dimensional Fock space in terms of interactions;

[ ]
Hansatz = fo(a'a) + > fo(a'a)a” + (a') £ (a'a)
n=1
o H2 =1 = eHmaz = cos(0)l + isin(9)H
o &Ml |0) = cos(0) [0) + isin(8)(f(0) [0) + 3,2, v/l (0) [n))
o e0Hamsaz |1) = cos(6) |1) +

isin(0)(fo(1) |1) + £(0)|0) + >0, /(n+ 1)IfF(1) [n+ 1)) 17



Hadamard interaction

iH10) = L 10) 4 =
e \0>—ﬁ\0>+ﬁll>
isHIy = Loy - L
e'?71) = 5 0) 5 1)
o exp(i6(v2 +2v2X — V2X2 — V2P? — V2X3 + i¥2[P3, X?]))

e—i0V2P? G0 P L[ 02X —i\J0 2P Li02\/2X o—i0V2X? =i\ 0 X? —i6V2X3
e Initial decomposition for 0.15, applied for 10 times. The fidelity is
around 1 — 1072

Realpat o ima iginary part
1

e Solution set is not unique.

e Arbitrary transformation can be reduced to Hamiltonians using two "
level matrix decomposition techniques in arbitrary dimension.



Non-Gaussianity vs Clifford

C.V. picture D.V. picture
e |0) — |0) +|1) e |0) — |0) + |1) Clifford
non-Gaussian operation
e Entangling is cross Kerr e Entangling is Clifford
non-Gaussian operation
e No algorithm known for e Can be simulated
simulation classically using

Gottesmann-Knill theorem

19



A photon counting Hamiltonian

e Transformation — Hamiltonian

LD 0 1
AR (3 6yl ) e 0 = ey e 5+ 30,

e Shift in the second mode depends on the photon number
o 0 XTHPP2 oy i0X]P2 gi0PT P2 + 0(92)

o oiXiXe _ oitiP1Xo i 2 X7 g—2it1P1Xz o —i % X giti PLXa

e Depends on initial squeezing or repeated implementation
e Kerr interaction can be exactly realized through this interaction
i0(XZ+P)? _

i0(XE+P7) P2 gi0(XF +P7) Xz o —i0(XP+PF)P2 o —i6(X7+PF) X

@ @

20



Decomposing Measurements




Decomposing X? measurement

Cat states are one of the eigenfunctions of this operator thus it has been
argued that this measurement high amplitude superposition states and
applied in optomechanics.

X2(|=x) + € |x)) = x*(|=x) + € |x))

Not clear
Quadrature eigenstates are also eigenstate of this operator and the

superposition states are eigenstate for different phases

Cubic phase gate is almost doing the job

e pe=iX’  p t%X2

21



Circuit for X? measurement

e I
input —— et HpP)—T
classical
oscillator
P — 3tx? — 2P — 5P — 3t(3XE - X6 + 3XB)

PZ—%(—t)Xf — %Pl"’%Pz_%(—t)(%X12+X]_X2+%X22)
using classical oscillator and the subtracting two signals lead to the

following operator:
h—h
%8+ (~Fpom+ $a)

22



Projection operator

Projection operator [*°_ e2(m+m)x Ajry(ax? — c)e* |x) dx

2 . 3tx® 2(mp—m) 2 — V2 +i2V 20
OX" = C= G 677 T 35 T (61)1/3

t:O.]., m2—m1:10

Interaction strength of the cubic phase gate squeezes the peaks.
Difference between measurement results increase the distance.

e Doesn't depend on the coherent state amplitude!

e Approximate cubic phase gate?

Might be generated by injecting a non Gaussian state instead of
applying two cubic phase gates.

23



Computation with superposition states

e Phase information has to be clear.
e Entangling gate
e'?%1%2(10) +1x)) ®(|0) +1y)) — [0) [0)+10) |y) +|x) |0} +e>? |x) |y)
e Phase operation
e'?X(10) + 1x)) = (|0) + €'**|x))
e 7 measurement is a Homodyne detection.

e Measurement induced Hadamard gate:
(O] + (x[)(a [0} [0) + [0} |y) + B |x) [0) — B |x) ly)) —
(a+5)[0) + (o= B)ly)

24



Photon counting circuit

How to implement X° + P? operator?

input

A 3
sitX

—P—T.

itp?

XL,

classical oscillator

25



e |t is possible to use measurement based nonlinearities in a more
constructive way to implement i.e. self-Kerr, cross-Kerr gates.

e Gaussian operations to amplify weak interactions for certain
operators. Existing results still not satisfactory.

e Possible to express transformations in terms of interactions and then
decompose them such as Fock state transformations, photon
counting operator...

e Allows superposition basis measurements.

e Using superposition states for encoding information.

26
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