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Applications of entanglement measures

Description of monogamy of entanglement.

Bounds on hardly computable quantities.

Proofs of impossibility or limitations of some Gaussian protocols.

Quantify quality of prepared entangled states and entangling gates.

Bounds in some quantum-information experiments.
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Axioms of entanglement measures

Entanglement monotone:

E(ρ) ≥ 0.

E(ρ) = 0 if ρ is separable.

E does not increase on average under LOCC,

E(ρ) ≥∑i piE

(
AiρA

†
i

pi

)
, {Ai} – LOCC operation, pi = Tr(AiρA

†
i ).

Other axioms:

Equality to marginal von Neumann entropy on pure states, convexity,
additivity, asymptotic continuity.
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Principles of entanglement quantification

Negativities: logarithmic negativity.

Operational measures: distillable entanglement, entanglement of formation.

Geometric measures: relative entropy of entanglement.

Information-theoretic measures: squashed entanglement.

Practically each of the measures is either computable or physically meaningful but not both.
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Secret key agreement protocol

Alice Bob

Eve

A

E

B

public communication

Eve

A, B, E obey P (A,B,E).

Alice and Bob want a secret key.

They can use only local operations

and public communication (LOPC).

SKA is possible only if P cannot be created by LOPC – secret correlations.
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Intrinsic information

I (A : B ↓ E) := inf
E→Ẽ

[I(A : B|Ẽ)].

Quantifies how much Bob learns about Alice’s data by looking at his own
data after Eve announces a function of her data.

P (A,B,E) contains secret correlations ⇐⇒ I (A : B ↓ E) > 0.

Upper bound on secret key rate in SKA:

I (A : B ↓ E) ≥ S (A;B‖E) .
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Quantifying entanglement by secret correlations

Mapping entanglement onto intrinsic information:

ρAB → |Ψ〉ABE → P (A,B,E) = Tr(ΠA ⊗ΠB ⊗ΠE |Ψ〉ABE〈Ψ|).

Faithful mapping requires optimization:

µ (ρAB) := inf
{ΠE ,|Ψ〉ABE}

sup
{ΠA,ΠB}

[I (A;B ↓ E)] .

Faithful quantity, equal to vN entropy on pure states, hardly computable.
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Intrinsic entanglement

E↓ (ρAB) := sup
{ΠA,ΠB}

inf
{ΠE ,|Ψ〉ABE}

[I (A;B ↓ E)]

Restriction: ρAB – Gaussian (N +M)-mode state; covariance matrix γ

(γij = 〈{ri, rj}〉, r = (xA1 , pA1 , . . . , xBM , pBM )T ).

B

A

Eϱ
AB

ΠA

ΠB

d
A

d
B

Ψ ||
ABE

ΠE dE

~

~
ΠE

d
E

d
E

~
P( | )

ΠA,B,E – Gaussian measurements,

CMs ΓA,B,E .

|Ψ〉ABE – Gaussian purification,

CM γπ .

P (d̃E |dE) – Gaussian channel.
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Simplification

1. P (dA, dB , dE) - Gaussian with CM

γπ + ΓA ⊕ ΓB ⊕ ΓE .

I (A : B|E) = 〈I (A : B|E = dE)〉
= I (A : B|E = dE)

mutual inf. of P (dA, dB |dE) with CM

σAB = ΓA ⊕ ΓB + γAB − ω(γE + ΓE)−1ωT

γπ =

(
γAB ω
ωT γE

)

I (A : B|E) = 1
2

ln
(

detσAdetσB
detσAB

)

2. P (d̃E |dE) ∝ e−(d̃E−XdE)T Y−1(d̃E−XdE),

σ̃AB = . . .− ωXT [X(γE + ΓE)XT + Y ]−1XωT

= . . .− ω(γE + Γ̃E)−1ωT , Γ̃E − CM.

E → Ẽ can be integrated into ΓE

3. Purifications |Ψ〉 and |Ψ̄〉 (K ≤ K̄ modes E),

γ̄π = [IAB ⊕ S−1
E ][γπ ⊕ I(K̄−K)][IAB ⊕ (STE)−1],

σ̄AB = . . . ω̄(γ̄E + Γ̄E)−1ω̄T

= . . . ω(γE + ΓE)−1ωT = σAB

Holds also if Γ̄E = S−1
E [ΓE ⊕ I(K̄−K)](S

T
E)−1

|Ψ〉 can be taken fixed and arbitrary
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L. Mǐsta, Jr. et al., PRA 91, 062313 (2015).
L. Magnin et al., Phys. Rev. A 81, 010302 (2010).
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Gaussian intrinsic entanglement

EG↓ (ρAB) = sup
ΓA,ΓB

inf
ΓE

[
1

2
ln

(
detσAdetσB

detσAB

)]

σAB = ΓA ⊕ ΓB + γAB − ω(γE + ΓE)−1ωT .

Minimal purification:

γE =
⊕R
i=1 νiI, ω = S−1

(⊕R
i=1

√
ν2
i − 1σz

O

)
,

SΩST = Ω, Ω = ⊕N+M
i=1 iσy , SγABS

T = ⊕N+M
i=1 νiI, νi ≥ 1-symplectic eigenvalues.

R – number of purifying modes E = number of νi > 1.
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Faithfulness

Gaussian separable state:

ρsep
AB =

∫
PGauss(r)D(Vr)|χA〉A〈χA| ⊗ |χB〉B〈χB |D†(Vr)dr,

Purification:

|Ψ̃〉ABE =
∫ √

PGauss(r)D(Vr)|χA〉A|χB〉B |r〉Edr,

|r〉E – product of position eigenvectors.

Measurement of |r′〉E :

D(Vr′)|χA〉A|χB〉B ⇒ σAB = σA ⊕ σB ⇒ EG↓
(
ρsep
AB

)
= 0.

One can show by contradiction that EG↓ (ρAB) = 0 ⇒ ρAB is separable.

EG↓ (ρAB) = 0 ⇔ ρAB is separable
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Monotonicity

Gaussian local trace-preserving operations and
classical communication (GLTPOCC)

E: ρAinBin
→ ρAoutBout .

Monotonicity: EG↓
(
ρAinBin

)
≥ EG↓ (ρAoutBout ).

E → quantum state χA1B1A2B2

E realized by teleportation with χA1B1A2B2

|Φ〉AoutBoutEχEin
∝A1Ain

〈0|B1Bin
〈0|Ψ〉AinBinEin

|χ〉A1B1A2B2Eχ
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Monotonicity

E is TPLOCC:

χA1B1A2B2 =
∑
i

piχ
(i)
A1A2

⊗ χ(i)
B1B1

,

χ
(i)
j1j2

↔ TP operation E(i)
j , j = A,B.

∃ ΠEχ (Γ̃Eχ ) projecting |χ〉 to χ
(i)
A1A2

⊗ χ(i)
B1B2

.

EG↓ (ρAkBk ) = f(γkπ ,ΓAk ,ΓBk ,ΓEk ), j = in, out.

EG↓ (ρAoutBout ) ≤ f(γout
π ,ΓAout ,ΓBout , Γ̃Eχ ⊕ ΓEin

)

≤ f(γin
π , Γ̃Ain

, Γ̃Bin
,ΓEin

) ≤ EG↓ (ρAinBin
).

2nd inequality: LHS is MI for (EA ⊗ EB)(ρAinBin|Ein
),

integration of Ej into measurement with larger MI.
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Two-mode states

Monotonicity ⇒ Invariance of GIE under Gaussian local unitaries ⇒

γAB =

 a 0 kx 0
0 a 0 −kp
kx 0 b 0
0 −kp 0 b

 , kx ≥ kp > 0.

ν1,2 and S computable analytically via eigenvalues and eigenvectors of iΩγAB .

Upper bound for GIE:

U (ρAB) := inf
ΓE

sup
ΓA,ΓB

[
1

2
ln

(
detσAdetσB

detσAB

)]
= − ln

√
1− inf

ΓE

(
c̃2x

ãb̃

)
.

2nd equality holds if 2 + 1√
ab
≥ √ν1ν2 when homodyning of xA and xB is optimal

for any ΓE ; ã, b̃, c̃x - parameters of ρAB|E .

Lower bound for GIE:

L (ρAB) :=
1

2
ln

{
inf
ΓE

[
det(ΓE +XA)det(ΓE +XB)

det(ΓE +XAB)det(ΓE + γE)

]}
− ln

√
1− k2

x

ab
.
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Symmetric states with a three-mode purification

States
(
≡ ρ(1)

AB

)
satisfying:

a = b, ν2 = 1 ⇒ kx = a− 1
a+kp

,

ν1 = ν =

√
detγ

(1)
AB ,

S−1
A (S−1

B ) – squeezing in pA (xB).

GIE for any ρ
(1)
AB:

EG↓

(
ρ

(1)
AB

)
= ln

(
a√

a2−k2p

)

Reached by homodyning of xA, xB
and xE .

A

B
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A

B

Alice

Bob

ΠB

ΠA
0
B

B

A E

Eve
ΠESA

-1)U(

SB
-1)U(
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Pure states

For kx = kp we get a2 − k2
p = 1 and

states ρ
(1)
AB reduce to pure states ρpAB .

GIE for pure states:

EG↓
(
ρpAB

)
= ln (a)

where a = cosh(r̃).
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GIE is not equal to local von Neumann entropy on pure states

Equality is established by non-Gaussian photon counting on A and B.
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Symmetric squeezed thermal states

States
(
≡ ρ(2)

AB

)
satisfying:

a = b, kx = kp ≡ k,

ν1 = ν2 ≡ ν =
√
a2 − k2,

Z (Z−1) – squeezing in xB (pA).

GIE for any ρ
(2)
AB with a ≤ 2.41:

EG↓

(
ρ

(2)
AB

)
= ln

[
(a−k)2+1

2(a−k)

]
Reached by homodyning of xA, xB , xEA and pEB .

A

B
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A

B
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Bob
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ΠA

Z
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Ladislav Mǐsta GAUSSIAN INTRINSIC ENTANGLEMENT



Entanglement measures
Intrinsic information

Gaussian intrinsic entanglement
Properties

Computability
Relation to GR2EoF

Conclusion
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L. Mǐsta, Jr. et al., PRA 91, 062313 (2015).

Asymmetric TMST states with a three-mode purification

States
(
≡ ρ(3)

AB

)
with

γAB =

 a 0 k 0
0 a 0 −k
k 0 b 0
0 −k 0 b

 .

ν2 = 1⇒ k =

{√
(a+ 1)(b− 1), if a ≥ b;√
(a− 1)(b+ 1), if a < b.

Symplectic eigenvalue: ν ≡ ν1 = 1 + |a− b|.

Symplectic matrix: S =

(
xI −yσz
−yσz xI

)
, x2 − y2 = 1, two-mode squeezer.

GIE for any ρ
(3)
AB with

√
ab ≤ 2.41: EG↓

(
ρ

(3)
AB

)
= ln

(
a+b
|a−b|+2

)
Reached by homodyning of xA, xB and heterodyning on E.
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Relation to GR2EoF

Gaussian Rényi-2 entanglement of formation (GR2EoF):

EGF,2 (ρAB) = inf
θAB≤γAB
detθAB=1

1

2
ln (detθA) .

Properties: faithfulness, monotonicity under all GLOCC, additivity on two-mode
symmetric states, monogamy.

Computable for two-mode Gaussian states: analytically for all states with a
three-mode purification, symmetric states and two-mode squeezed thermal states,
and numerically for all other states.

For all considered states GIE coincides with GR2EoF!

Conjecture: GIE and GR2EoF are equal on all Gaussian states
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Conclusion

New quantifier of Gaussian entanglement.

Operationally associated to secret key agreement protocol.

Computable for several classes of two-mode Gaussian states.

In all cases equal to GR2EoF → conjecture that the equality

holds for all Gaussian states.
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Thank you!
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