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Background 1: trapped ions
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(2) Many ions trapped B ~ ~
in a single potential .. H = E Hi +Vij

(3) Many ions trapped individually in many separated potentlals

N
N
N
N -
. e S~
A
< e ~o
~ s
~ -
S =7

Internal atomic motion External vibration
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Interactlng with external fields




I—AIi :%hwc%z +hv(é+é+%)+§ﬁ- é(x):

EO (t,x)=EX (x,t)+ES (x.1)
%

Classical field: Laser

Quantum field: cavity QED and the dissipation theory.

Note that:
: I A ho .. 4 - A ~ .
harmonic oscillation X=, / > (a*+8) Pp=eu(o_+ o,) atomic dipole moment
my

Two basic coupling: ao, +h.c. Co, +h.c.

together with Coulomb interaction within the many-ion system, H :Zﬁi +V; (X —X;)
allow us to construct many types of controllable Hamiltonian for realizing
Quantum Information Processing.

M. Zhang, and L. F. Wei, PHYSICAL REVIEW A 83, 064301 (2011)
L. F. Wei, M. Zhang, H. Y. Jia, and Y. Zhao, PHYSICAL REVIEW A 78, 014306 (2008)



Background 2: fundamentals of Quantum Optics

2.1. Field Quantization (very like to the classical field, beside of the dimensionless operator)

E=EW+ED with [EQMN] =EX(r)
hw,

= (+) N E A ai(ot-Kr) e B
E (t, r) -_ IZ Ek,sak,se k Wlth Ek,S e‘S 280V

and the so-called creation and destroy operators. [, ,8, ]=J, Oy

Note that, in Heisenberg picture,
(1) The time-dependent field operator satisfies Maxwell‘s equations, i.e.,
= 10° -
V°E ———E 0
c’ ot’
(2) Cavity’ field, standing wave, single-frequency, includes:

—i (o t—kr) IE a+ i(ot-k-r) Right traveling wave

m»

« =I1Ea,¢8
= :_iEkéke‘i(”kt+k'r) +iE,ae I(@t+KT) | eft traveling, with half-wave loss

A A A e it graian The well-known field in cavity,
E, +E,=@e " +4;e"")2sin(k-X) with Heisenberg picture.



2.2. Atom-field interaction

\7 = —e)i( . E Electric dipole interaction energy
Et,r)=i>E 4. +hc g —e |l
< Y
X=1x1=(9)(9 \+\e><e\>f<<\9><9\+\e><e\>=ﬁ<6++5->
r=(gxe)=(elxlg) (lelo)=(e}xe)=0 &.=fe)a] & =[o)e

V =i} (6, +6 ) rshs —9cdis) XN (0,6, 8 —0:6 &)
ks k,s

Rotating wave approximation,
weak coupling. 9y s << @,

oy
2,V

Oks =—e(ﬁ-€s)em"’a\/

Atomic position ra may be useful for the position-controllable trapped ions



2.3. JC Model

The total Hamiltonian for the atom-field system is thus,
H=H,+H_ +V
Zha)k s (848 s +1/2)

with H, = Eg ‘g><g‘+ E \e>< %a),ﬁz +constant

0, =(E,~E))/h &, =[e)(e[-[g)(9

Under the rotating wave approximation, JC model:

~ 1 n A+ A : >~ A 5 A
H :Eha)aaz +Zha)k,s (al—:,sak,s +1/2)+|hz(gk’50+ak’s - gk’sg_a;’s)
ks k,s

This Hamiltonian implies that atom is entangling with the field.



2.4. The relation between field and atom

H=2110,6,+ Y 10, (880 +12)+i1Y (0,568, ~ 0,6 4.,)
K. k,s

N | -

Based on the above Hamiltonian, scientists get two solutions.
(1) Field:

é(+) (t,r) _ éar (t’r)_iZEk’sg:’seiR.ra J‘;dtrof\__ (t.)eiwk (t'-t)

ithout at ks
(without atom) (atom dependent)

(2) Master equation for atom:

dp icn oy T o
=—[H,,pl+—=(6 p&,-6,6 p—p&.6.)
dt # 2 > Decay
7/ ~ ~ A
+2 (2(elle)le)(e|- Ale)(el-[e)(e] |
» Dephasing
M. Oraszag,

“Quantum optics including noise Reduction, trapped ions, quantum trajectories, and decoherence”,
Springer-Verlag Berlin Heidelberg, 2000.



The form of point dipole emission:

2
0

EO(t,r)=E; (t,r)-—2—(axrxr)é_(t—r/c)
Acer

“The result is, of course, the familiar retarded field generated by
a point dipole plus a freely propagating component”

\sigma will be solved by using the master equation
(Approximate solution for the JC model)
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3. Fluorescence 2V 30\
Master equation+ Maxwell‘s equations | %

3.1 Classical dipole radiation NSNS
p(t)=p.e ' +c.c.

Using the retarded potential formulation,
and limiting within the far-field regime: (see, text book)

° {r)(t—rlc) A r)(t—r/c)]}+c 3
Are,C’ r r o

If the dipole-vibration is quantum mechanical, its emission is also quantum
mechanical, otherwise, the Maxwell’s equation does not hold.

p(t) > p(t) E() — E(t)

We consequently compute the dipole-vibration, by using atomic master equation.

E =



3.2. Master equation for a two-levels atom

The Hamiltonian for two-levels atom driving by a classical light.

~ 1 R
H, Ehﬁa +hQ(e'¢a +e" G+) (interacting picture)

O = a, — 0, (considering a small detuning in general)

Master equation

0P in oy T oo am an
=—|H,,pl+—(20_ po,—-c.0 p—poc,c.
~ h[.p] 2( P p—p )

2 lelple)e)e]- ANl e

» Decay

» Dephasing




3. 3. Density operator

The time-dependent Density operator for the two-levels system

P =WV |= Py 9G]+ Pecl€)(E[+ ug €)(T |+ oe] 9)(e]

At any time, the state can be formally written as

\W'>=a\9>+ﬁ\e> with two complex numbers g =a+ib  f=c+id

Obviously,
Py =0 a=a’+b’

Pee =P B=C"+d"
Pog =Py =0 B=(a—ib)(c+id)=ac+bd +i(ad —bc)

Loy + Pee =8° +b*+C°+d* =1 (normalization)

Thus, four real numbers a, b, ¢, d can be solved by above four equations,
with the Density matrix elements.




3. 4. Numerical solution for the density matrix elements

d ee . —i [
L :IQ(pgee ¢_loege¢)_rpee pgg +/Oee :1

dp, . - - r =p,
Peg = |(,Ogng_l¢ _peeQe_l¢ _é;oeg) — Ty Peg /Oge B IOeg

05 |
Pee

D.Ij Dampling Rabi vibration
0

2 4 6 8 n 12 14 16 18 20

Qt

M. Zhang, W.Z. Jia, L.F. Wel, Physica B 432 (2014)



3. 5. Steady-state solution

Peg = Pec =0
_0efA-2py)(ix+8)  , - 2
Peg = K24 52 © O T(x*+8°)+40°k
D:DE_ | writing
. lx=T+y)/2
| for short.
2 0.04
Pl

Q./K‘



3.4 The time-dependent positional operator

(w|Xlw) = (w'|e" xe ! |y")
=<w’\e‘“°t(_\9><9\+\e>_<e\)i(\9><9\+\e><e\)e‘“Ot\w>
= a(y'|(e7| g ){e[+e""|e)Xa])|w)

=(i|(e7"'S_(t)+e'" &, (1))|i)

with transition matrix elements:

n=(gl¥fe)=(exig) (glxlg)=(efe)=0

and

o_(t) = p(t)

oo

I \ﬂ(t)\ )’

w' Ny’

o (t)=[o_ (O p(t) =



3.5 Field Quantization
XD (t) = ge 6 (t)  XO@) =[x )T
The positive frequency of dipole moment is thus
p*(t) =—ex"(t) = p,e"S_(t)

Replacing the classical dipole in retarded field:
Sy _ o {6<t—r/c) 6. [6, - 6(t—r/c>]}
— : _

Are,C r r
=E(r)e” 6 (t-r/c)

with an amplitude:

= (+ w ér ér ) D ikr
Eé )(r): [po _ ( po)] k
Are,C™ I r



4. Detectors -7 -
(1) The difference between .- 8- Fiold ; S--z-
classical and quantum fields is on operators. //’, S G e
We should to read out the characters of -7 -="
operators. Harmonic Oscillators
(2) Using Heisenberg equation to compute as the detectors

the motion of detector, because the it is most
same to the classical ones (Ehrenfest theorem).

4.1 Two detectors IN the classical fields
= E,(r)e*"e™ + E,(r)e ™

Under resonant apprOX|mat|on,
H =hg(r,)a" +hg " (r,)a+hg(r,)b* +4g”(r,)b
[4,b]=[4" ,b]=[4,b*]=[4*,b*]=0

Classical field does not generate correlation between two detectors.



Heisenberg equation

inS
dt

U (t)|w,)=H (t)L|j O|w,)

»Evolui

du ™
dt

Y _—Thg 15+
dt 7 h

Pa

9 Gs0)=1G+kg0 - Ly
dt h

il
h

H

» Schrddinger Eq.

[lon operator

|, Heisenberg Eq.

H =hg(r,)a" +hg " (r,)a+hg(r,)b*" +7g”(r,)b

Dynamical equation of oscillators:
d

dt

and where [Fi X, (0)]=X%,79 ) (r)—X.hg(r,)

Two detectors (harmonic oscillators) are independent.

1(t)=%0 TH,2,(0)]U =2%,Img(r,) with £ (0)=x,(a" +4)



4.2 Detectors within quantum fields -
~ “Field _ & _
E(”(r,t) _ Eé+)(r)e ot 2 (t— I’/C) /,:’%— :::_ ,%::,,

é(_) (r,t) =E{(Ne's, (t—r/c) g Oscillators in quantum field
y + -

In the resonant approximation,
=hg(r)o_(t)a" +rg (r)o,(t)a

+7g(r,)6_(t,)b" +1g™ ()&, (t,)b

t,=t-r/c t,=t-r,/c
Solving again Heisenberg equation for detector 1.:
d .

ax (t)_%U [H X (O)]U X, (0)=x,(&" +4a)



Helsenberg equation

% %,(t) = x,U "[ig" (r)é_(t,) —ig(r)&, (t)1U

Within the short time limit, the evolution operator U ~1+ %r Hdt
0

d),zl(t) ~ 1t ~ * ~ ~
=0, -~ [ dtH,, 0" ()8 (1) - 9(1)6, (1)

with detector 2 Commutator

H, = hg(r,)&_(t,)b" +hg ™ (r,)&. (t,)b
Peg(t;) . . Poe (L)
B J-'O(tj) o, ()= —
UrGYL (ilp(t)]i)
Two detectors can be correlative, becasue

[5(t), AE1=|w M v Xw | = [wi v v, Y, | # 0

G (t))=

At;)




5. Conclusion

(i) Showing the principles for quatizing radiation from a
dipole vibration: the master equation for atom, and the
Maxwell’s equation for field-spreading.

(i1) The key difference between classical field and quantum
field are commutation: 2

[E©,EO]%0

(ii1) Present an explanation to detector.

(iv) Outlooking: applying the result to trapped ions,
with quatized central-position of atom:

20y _ e e tata (1 _pelt)
EC =EP(r)e6_(t—r/c) 6. <| (tj)\i>p(tj)

S R AN
== va(a +a) Thanks
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