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Background

Starting point:

The local finiteness of bimonoids is an interesting property for
weighted automata.

An actual reference is

Manfred Droste, Torsten Stiiber, and Heiko Vogler: Weighted
finite automata over strong bimonoids, Information Sciences 180
(2010), 156-166,
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Background

Starting point:

The local finiteness of bimonoids is an interesting property for
weighted automata.

An actual reference is

Manfred Droste, Torsten Stiiber, and Heiko Vogler: Weighted
finite automata over strong bimonoids, Information Sciences 180
(2010), 156-166,

Problem: Which t-norm based bimonoids have this property?

Definition

An algebraic structure 2 is locally finite iff each of its finite subsets
G generates a finite subalgebra (G)g only.
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t-Conorm Monoids

Proposition

A t-conorm monoid ([0, 1], St,0) is locally finite iff its
corresponding t-norm monoid ([0, 1], T, 1) is.

Proof: Let 2 = ([0,1], T, 1) be a t-norm monoid and G C [0, 1].
For each a € (G)g its dual 2% = 1 — a is an element of a € (G%)gu
for G ={a? | a € G}.
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Proposition

The Gédel monoid ([0, 1], Tg, 1) is locally finite.
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Examples

Proposition
The Gédel monoid ([0, 1], Tg, 1) is locally finite.

Proposition

The tukasiewicz monoid ([0, 1], Ty, 1) is locally finite.

Proof: In ([0, 1], 5., 0), each finite G C [0, 1] generates only
finitely many elements: all the sums kja; + - - - + kpan, ki € N, of
S -multiples of ai,...,a, € G, including 1.
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Proposition

The product monoid ([0, 1], Tp,1) is not locally finite.

Proof: Any a € (0,1) generates an infinite submonoid
(a) ={a" | n € N}.

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



Proposition

The product monoid ([0, 1], Tp,1) is not locally finite.

Proof: Any a € (0,1) generates an infinite submonoid
(a) ={a" | n € N}.

Any algebraic structure which has the product monoid as a reduct
is not locally finite.
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Some general results

A t-norm monoid ([0, 1], T, 1) with a continuous t-norm T is
locally finite iff T does only have locally finite summands in its
representation as ordinal sum of archimedean summands.
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Some general results

A t-norm monoid ([0, 1], T, 1) with a continuous t-norm T is
locally finite iff T does only have locally finite summands in its
representation as ordinal sum of archimedean summands.

A t-norm monoid ([0, 1], T, 1) with a continuous t-norm T is
locally finite iff T does not have a product-norm isomorphic
summand in its representation as ordinal sum of archimedean
summands.

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



t-Norm Bimonoids

Definition

A bimonoid is an algebraic structure A = (A, %1, x2, €1, &) such
that both (A, x1,e1) and (A, 2, €2) are monoids.
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t-Norm Bimonoids

Definition

A bimonoid is an algebraic structure A = (A, %1, x2, €1, &) such
that both (A, x1,e1) and (A, 2, €2) are monoids.

Proposition
The Gédel-bimonoid ([0, 1], Tg, Sg,1,0) is locally finite.

Proposition

The product-bimonoid ([0, 1], Tp, Sp,1,0) is not locally finite.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition
The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition
The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.

Proof: Consider ag € (0,3) \ Q.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition
The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.

Proof: Consider ag € (0,3)\ Q. Let ko = |ag '] > 2. Form the
largest S| -multiple kg - aig of ag which is < 1.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition
The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.

Proof: Consider ag € (0,3)\ Q. Let ko = |ag '] > 2. Form the
largest S| -multiple kg - aig of ag which is < 1. Consider now
Ctlz(k0+1)~a0—1.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition
The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.

Proof: Consider ag € (0,3)\ Q. Let ko = |ag '] > 2. Form the
largest S| -multiple kg - aig of ag which is < 1. Consider now
Ctlz(k0+1)~a0—1.

Obviously «g is irrational, and also a1 < ap.
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t-Norm Bimonoids

The situation, however, is more difficult in the Lukasiewicz case.

Proposition

The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is not locally finite.

Proof: Consider ag € (0,3)\ Q. Let ko = |ag '] > 2. Form the
largest S| -multiple kg - aig of ag which is < 1. Consider now
Ctlz(k0+1)~a0—1.

Obviously «g is irrational, and also a1 < ap.

Iteration of this construction yields an infinite descending sequence
of irrationals from [0, 1]. Hence () is infinite.
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t-Norm Bimonoids

Two aspects are crucial here:
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@ the simultaneous availability of the operations T and S, .
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t-Norm Bimonoids

Two aspects are crucial here:

@ the reference to irrational numbers;

@ the simultaneous availability of the operations T and S, .

Proposition

The rational tukasiewicz-bimonoid ([0,1] N Q, T.,5.,1,0) is
locally finite.
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t-Norm Bimonoids

Two aspects are crucial here:

@ the reference to irrational numbers;

@ the simultaneous availability of the operations T and S, .

Proposition
The rational tukasiewicz-bimonoid ([0,1] N Q, T.,5.,1,0) is
locally finite.

Proof: Any finite set G C [0,1] N Q is a subset of a suitable finite
truth degree set of a finitely-valued tukasiewicz system L,.
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Rational local finiteness

Definition

A t-norm based algebraic structure 2 over the unit interval is
rationally locally finite iff each finite set G C [0,1] N Q generates
only a finite substructure of 2.
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Rational local finiteness

Definition

A t-norm based algebraic structure 2 over the unit interval is
rationally locally finite iff each finite set G C [0,1] N Q generates
only a finite substructure of 2.

The tukasiewicz-bimonoid ([0, 1], Ty, S, 1,0) is rationally locally
finite.
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t-Norm Bimonoids

There is no simple transfer of the previous results for monoids to
bimonoids.
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t-Norm Bimonoids

There is no simple transfer of the previous results for monoids to
bimonoids.

Example

The t-norm bimonoid ([0, 1], T*, St+,1,0) with the continuous
t-norm

* 1 *
T = Z([§71]7TL7SO )
ie{1}
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t-Norm Bimonoids

There is no simple transfer of the previous results for monoids to
bimonoids.

Example
The t-norm bimonoid ([0, 1], T*, St+,1,0) with the continuous
t-norm ]
T = 21, T, o

Z ([27 ]7 L, P )

ie{1}
and the order isomorphism ¢* : [3,1] — [0,1] given by
©*(x) = 2x — 1 is locally finite.
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t-Norm Bimonoids

Here T* acts on the square u, = [3,1] x [3,1] as (an isomorphic
copy of) T, and acts as the min-operation otherwise.
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t-Norm Bimonoids

Here T* acts on the square u, = [3,1] x [3,1] as (an isomorphic
copy of) T, and acts as the min-operation otherwise.

And St acts on the square /; = [0, 3] x [0, 3] as S, and as the
min-operation otherwise.

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



t-Norm Bimonoids

Here T* acts on the square u, = [3,1] x [3,1] as (an isomorphic
copy of) T, and acts as the min-operation otherwise.

And St acts on the square /; = [0, 3] x [0, 3] as S, and as the
min-operation otherwise.

Hence it is impossible to have (the isomorphic copies of) T and
S simultaneously available.
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t-Norm Bimonoids

Here T* acts on the square u, = [3,1] x [3,1] as (an isomorphic
copy of) T, and acts as the min-operation otherwise.

And St acts on the square /; = [0, 3] x [0, 3] as S, and as the
min-operation otherwise.

Hence it is impossible to have (the isomorphic copies of) T and
S simultaneously available.

The reconstruction of the proof idea for the Lukasiewicz bimonoid
becomes impossible, ([0, 1], T*, St+,1,0) remains locally finite.
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t-Norm Bimonoids

Here T* acts on the square u, = [3,1] x [3,1] as (an isomorphic
copy of) T, and acts as the min-operation otherwise.

And St acts on the square /; = [0, 3] x [0, 3] as S, and as the
min-operation otherwise.

Hence it is impossible to have (the isomorphic copies of) T and
S simultaneously available.

The reconstruction of the proof idea for the Lukasiewicz bimonoid
becomes impossible, ([0, 1], T*, St+,1,0) remains locally finite.

NB: The particular choice of the order isomorphism * is
unimportant here.
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A general result

Suppose that T is a continuous t-norm such that

o T has an ordinal sum representation T =Y . /([l;, ri], Ti, ;)
without product-isomorphic summands,
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A general result

Suppose that T is a continuous t-norm such that

o T has an ordinal sum representation T =Y . /([l;, ri], Ti, ;)
without product-isomorphic summands,
e for each Ltukasiewicz summand ([Ix, ri], T, vk) the interval

[1 — ri, 1 — Ix] does not overlap with any domain interval
[I;, ri] for a tukasiewicz summand ([I;, ri], TL, i), i € 1.
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A general result

Suppose that T is a continuous t-norm such that

o T has an ordinal sum representation T =Y . /([l;, ri], Ti, ;)
without product-isomorphic summands,
e for each Ltukasiewicz summand ([Ix, ri], T, vk) the interval
[1 — ri, 1 — Ix] does not overlap with any domain interval
[li, ri] for a Ltukasiewicz summand ([l;, ri], T, i), i € 1.
Then the t-norm bimonoid ([0, 1], T, St,1,0) is locally finite.
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Relativized local finiteness

There is a natural generalization of the notion of rational local
finiteness.
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Relativized local finiteness

There is a natural generalization of the notion of rational local
finiteness.

Definition

Let 2 be an algebraic structure and M C |2(|. Then 2 is

M-locally finite iff for each finite G C M the substructure (G)g
has a finite carrier.
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Relativized local finiteness

There is a natural generalization of the notion of rational local
finiteness.

Definition

Let 2 be an algebraic structure and M C |2(|. Then 2 is
M-locally finite iff for each finite G C M the substructure (G)g
has a finite carrier.

Actually it is not clear what will be the importance of this more
general notion. However, it seems particularly with respect to
computer science topics that rational local finiteness might be
important: internally all numbers used in a computer are rational
ones.

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



Relativized local finiteness

For My C M,, the My-local finiteness of an algebraic structure 2
implies its My-local finiteness.
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Relativized local finiteness
Corollary

For My C M,, the My-local finiteness of an algebraic structure 2
implies its My-local finiteness.

| \

Proposition

A t-norm monoid ([0, 1], T, 1) is M-locally finite iff its t-conorm
monoid ([0,1], S7,0) is (1 — M)-locally finite.
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Relativized local finiteness
Corollary

For My C M,, the My-local finiteness of an algebraic structure 2
implies its My-local finiteness.

Proposition

| \

A t-norm monoid ([0, 1], T, 1) is M-locally finite iff its t-conorm
monoid ([0,1], S7,0) is (1 — M)-locally finite.

A t-norm monoid ([0, 1], T, 1) is rationally locally finite iff its
t-conorm monoid ([0, 1], St,0) is rationally locally finite.
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Relativized local finiteness

The carriers of the subalgebras of an algebraic structure 2 are just
those subsets of the carrier || which are closed under all the
operations of 2. For the case of t-norm based structures this
remark specializes to the next result.
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Relativized local finiteness

The carriers of the subalgebras of an algebraic structure 2 are just
those subsets of the carrier || which are closed under all the
operations of 2. For the case of t-norm based structures this
remark specializes to the next result.

Proposition

Let A = ([0,1], T, (op;)ics), with T a t-norm and (op;)ic; a family
of finitary operations in [0,1], be a t-norm based structure. Assume
that A is rationally locally finite. If T and all the operations op;
map rationals to rationals, then A] Q = (Q N[0, 1], T, (op;)ics) is a
locally finite algebraic structure.

<
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Enriched t-norm monoids

Finally we look at t-algebras. So we enrich the pure t-norm
monoids with the corresponding residuation operations /7.
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Enriched t-norm monoids

Finally we look at t-algebras. So we enrich the pure t-norm
monoids with the corresponding residuation operations /7.

Proposition

The residuation-extended Gédel monoid ([0, 1], Tg, Ig, 1) is locally
finite.
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Enriched t-norm monoids

Finally we look at t-algebras. So we enrich the pure t-norm
monoids with the corresponding residuation operations /7.

Proposition
The residuation-extended Gédel monoid ([0, 1], Tg, Ig, 1) is locally
finite.

Proof: Applied to any G C [0, 1] the operation /g adds at most
the element 1.
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Enriched t-norm monoids

Finally we look at t-algebras. So we enrich the pure t-norm
monoids with the corresponding residuation operations /7.

Proposition

The residuation-extended Gédel monoid ([0, 1], Tg, Ig, 1) is locally
finite.

Proof: Applied to any G C [0, 1] the operation /g adds at most
the element 1.

Proposition

The residuation-extended product monoid ([0, 1], Tp, Ip, 1) is not
locally finite.
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The Lukasiewicz case

Proposition

The residuation-extended tukasiewicz monoid ([0,1], Ty, I, 1) is
not locally finite, but rationally locally finite.
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The Lukasiewicz case

Proposition

The residuation-extended tukasiewicz monoid ([0,1], Ty, I, 1) is
not locally finite, but rationally locally finite.

Proof: Consider G C [0, 1] such that o € G for some irrational

o < 5. Then obviously 0 € (G), which means that the negation
Ny is available over (G), and hence also the tukasiewicz t-conorm
SL. Thus (G) becomes infinite in this case.
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The Lukasiewicz case

Proposition

The residuation-extended tukasiewicz monoid ([0,1], Ty, I, 1) is
not locally finite, but rationally locally finite.

Proof: Consider G C [0, 1] such that o € G for some irrational

o < 5. Then obviously 0 € (G), which means that the negation
Ny is available over (G), and hence also the tukasiewicz t-conorm
SL. Thus (G) becomes infinite in this case.

If G is a finite set of rationals, argue as previously.
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A reminder

For continuous T the representability as ordinal sums offers the
possibility to determine I+ (almost) explicitly.
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A reminder

For continuous T the representability as ordinal sums offers the
possibility to determine I+ (almost) explicitly. Remember:

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



A reminder

For continuous T the representability as ordinal sums offers the
possibility to determine I+ (almost) explicitly. Remember:
Theorem

Let T be continuous and T =3, ([l;, ri], Ti, i) with order
isomorphism ; of [I;, rj] onto [0, 1]. Then:

/ B w;l(lrk(gok(u), @k(v))) , ifu>vandu,v € [l r
T(”? V) - .
ls(u, v), otherwise.
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A reminder

For continuous T the representability as ordinal sums offers the
possibility to determine I+ (almost) explicitly. Remember:

Theorem

Let T be continuous and T =3, ([l;, ri], Ti, i) with order
isomorphism ; of [I;, rj] onto [0, 1]. Then:

/ B w;l(lrk(gok(u), @k(v))) , ifu>vandu,v € [l r
T(”? V) - .
ls(u, v), otherwise.

Hence one has in each one of the ordinal summands for T
isomorphic copies of a t-norm and its residuation operation.
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A general result

A residuation-extended t-norm-monoid ([0, 1], T, IT,1) with a

continuous t-norm T is locally finite iff T does only have locally
finite summands in its representation as ordinal sum of
archimedean summandes.
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A general result

A residuation-extended t-norm-monoid ([0, 1], T, IT,1) with a
continuous t-norm T is locally finite iff T does only have locally
finite summands in its representation as ordinal sum of
archimedean summandes.

Proof: Argue essentially as previously.
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A general result

A residuation-extended t-norm-monoid ([0, 1], T, IT,1) with a
continuous t-norm T is locally finite iff T does only have locally
finite summands in its representation as ordinal sum of
archimedean summandes.

Proof: Argue essentially as previously. Outside any one of the
“summand squares” in [0,1]2 the operation 1 is just Ig and hence
cannot destroy (rational) local finiteness.
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A general result

A residuation-extended t-norm-monoid ([0, 1], T, IT,1) with a
continuous t-norm T is locally finite iff T does only have locally
finite summands in its representation as ordinal sum of
archimedean summandes.

Proof: Argue essentially as previously. Outside any one of the
“summand squares” in [0,1]2 the operation 1 is just Ig and hence
cannot destroy (rational) local finiteness. And inside each one of
the “summand squares” /1 behaves like the local /1, .
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A general result

A residuation-extended t-norm-monoid ([0, 1], T, IT,1) with a
continuous t-norm T is locally finite iff T does only have locally
finite summands in its representation as ordinal sum of
archimedean summandes.

Proof: Argue essentially as previously. Outside any one of the
“summand squares” in [0,1]2 the operation 1 is just Ig and hence
cannot destroy (rational) local finiteness. And inside each one of
the “summand squares” /1 behaves like the local /1,. Hence
([0,1], T, I+,1) is locally finite iff all its summands are locally
finite.
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A simple corollary
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A simple corollary

A residuation-extended t-norm-monoid ([0,1], T, I+,1) with a
continuous t-norm T is locally finite iff it is based upon the Godel
monoid, i.e. iff T = Tg.
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A simple corollary

A residuation-extended t-norm-monoid ([0,1], T, I+,1) with a
continuous t-norm T is locally finite iff it is based upon the Godel
monoid, i.e. iff T = Tg.

The more interesting case, hence, is that of rational local
finiteness.
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A simple corollary

A residuation-extended t-norm-monoid ([0,1], T, I+,1) with a
continuous t-norm T is locally finite iff it is based upon the Godel
monoid, i.e. iff T = Tg.

The more interesting case, hence, is that of rational local
finiteness. It needs some more care: we have to consider the order
isomorphisms ; : [/;, rj] = [0, 1] of the tukasiewicz summands
([li; ril, Ti, i)
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A simple corollary

A residuation-extended t-norm-monoid ([0,1], T, I+,1) with a
continuous t-norm T is locally finite iff it is based upon the Godel
monoid, i.e. iff T = Tg.

The more interesting case, hence, is that of rational local
finiteness. It needs some more care: we have to consider the order
isomorphisms ; : [/;, rj] = [0, 1] of the tukasiewicz summands
([li; ril, Ti, i)

Of course, only tukasiewicz-isomorphic summands should be
allowed for non-trivial results.
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Relative local finiteness

Let T be continuous and T = . ,([/i, ri], TL, ¢i) with only
t ukasiewicz-isomorphic summands. Then the residuation-extended
t—norm monoid ([0,1], T, I+,1) is M- /oca/ly finite for

(([0 1] \ UIEI[/” r’]) U UIEI (‘Pk < >)
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Relative local finiteness

Let T be continuous and T = . ,([/i, ri], TL, ¢i) with only
t ukasiewicz-isomorphic summands. Then the residuation-extended
t—norm monoid ([0,1], T, I+,1) is M- /oca/ly finite for

(([0 1] \ UIEI[/” r’]) U UIEI SDk < >)

Proof: We argue as in the proof of the last Theorem. But we have
to have in mind that T becomes M-locally finite only for such M
for which one has that o;(M N [/i,ri]) C Q for all i € I.
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Relative local finiteness

Let T be continuous and T = . ,([/i, ri], TL, ¢i) with only
t ukasiewicz-isomorphic summands. Then the residuation-extended
t—norm monoid ([0,1], T, I+,1) is M- /oca/ly finite for

(([0 1] \ UIEI[/” r’]) U UIEI SDk < >)

Proof: We argue as in the proof of the last Theorem. But we have
to have in mind that T becomes M-locally finite only for such M
for which one has that ;(M N[/, ri]) C Q for all i € I. And the
maximal such M is just M = J;, cp;1<(@> U ([0, 1]\ Uig,lhis ril)-
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Relative local finiteness

Let T be continuous and T = . ,([/i, ri], TL, ¢i) with only
t ukasiewicz-isomorphic summands. Then the residuation-extended
t—norm monoid ([0,1], T, I+,1) is M- /oca/ly finite for

(([0 1] \ UIEI[/” r’]) U UIEI SDk < >)

Proof: We argue as in the proof of the last Theorem. But we have
to have in mind that T becomes M-locally finite only for such M
for which one has that ;(M N[/, ri]) C Q for all i € I. And the
maximal such M is just M = J;, cp;1<(@> U ([0, 1]\ Uig,lhis ril)-
Here [0, 1]\ U,¢,[/i, ri] is obviously the set of all points of the main
diagonal of the unit square which belong to the “min-area” of the
particular ordinal sum representation of T.
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Relative local finiteness

So the problem of the rational local finiteness of T is reduced to
the problem to have

Q c ([0, J\ i i) v Ui HQ) -

iel i€l
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Relative local finiteness

So the problem of the rational local finiteness of T is reduced to
the problem to have

Q c ([0, J\ i i) v Ui HQ) -

icl icl
And this means that one has to have

QN[ =Qne;HQ)  foralliel. (1)
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Relative local finiteness

So the problem of the rational local finiteness of T is reduced to
the problem to have

Q c ([0, J\ i i) v Ui HQ) -

icl icl
And this means that one has to have
QN[ =Qne;HQ)  foralliel. (1)

So one needs conditions which imply (?7).
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Relative local finiteness

Proposition

Let T be continuous and T = ;. /([li, ri], TL, ¢i).
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Relative local finiteness

Proposition

Let T be continuous and T =,/ (i, ri], TL, ;). If the order
isomorphisms in the T-summands map rationals to rationals then
the residuation-extended t-norm-monoid ([0,1], T, I7,1) is
rationally locally finite.
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Relative local finiteness

Proposition

Let T be continuous and T =,/ (i, ri], TL, ;). If the order
isomorphisms in the T-summands map rationals to rationals then
the residuation-extended t-norm-monoid ([0,1], T, I7,1) is
rationally locally finite.

Proof: Look at a tukasiewicz summand ([, ri], Ti, ¢«k).
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Relative local finiteness

Proposition

Let T be continuous and T =,/ (i, ri], TL, ;). If the order
isomorphisms in the T-summands map rationals to rationals then
the residuation-extended t-norm-monoid ([0,1], T, I7,1) is
rationally locally finite.

Proof: Look at a tukasiewicz summand ([Ix, k], T, vk). That @
map rationals to rationals just means ¢, 1(Q) D Q N [/, rk]. So
the assumptions lead to (?7?).
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Relative local finiteness

Proposition

Let T be continuous and T =,/ (i, ri], TL, ;). If the order
isomorphisms in the T-summands map rationals to rationals then
the residuation-extended t-norm-monoid ([0,1], T, I7,1) is
rationally locally finite.

Proof: Look at a tukasiewicz summand ([Ix, k], T, vk). That @
map rationals to rationals just means ¢, 1(Q) D Q N [/, rk]. So
the assumptions lead to (?7?).

Particular case: The order isomorphisms in the T-summands are
rational functions with rational coefficients.
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t-Algebras

Now A,V are the lattice operations related to the natural (lattice)
ordering of the real unit interval, i.e. A = min and V = max.
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t-Algebras

Now A,V are the lattice operations related to the natural (lattice)
ordering of the real unit interval, i.e. A = min and V = max.

A t-algebra is a structure [0,1]7 = ([0,1],A,V, T, I7,0) based
upon a (left continuous) t-norm T.
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t-Algebras

Now A,V are the lattice operations related to the natural (lattice)
ordering of the real unit interval, i.e. A = min and V = max.

A t-algebra is a structure [0,1]7 = ([0,1],A,V, T, I7,0) based
upon a (left continuous) t-norm T.

It is immediately clear that these lattice operations behave
smoothly in forming (G) for G C [0, 1]: they do not create “new”
elements.
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t-Algebras

Now A,V are the lattice operations related to the natural (lattice)
ordering of the real unit interval, i.e. A = min and V = max.

A t-algebra is a structure [0,1]7 = ([0,1],A,V, T, I7,0) based
upon a (left continuous) t-norm T.

It is immediately clear that these lattice operations behave
smoothly in forming (G) for G C [0, 1]: they do not create “new”
elements.

And the insertion of the constant 0 instead of the constant 1 also
does not essentially modify the previous situations: one always has
1 available because of /7(0,0) = 1.

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



Particular t-algebras

So we obviously have the following results.

Proposition

The Gédel-algebra ([0, 1], A, V, Tg, Ig,0) is locally finite.
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Particular t-algebras

So we obviously have the following results.

Proposition

The Gédel-algebra ([0, 1], A, V, Tg, Ig,0) is locally finite.

Proposition

The product-algebra ([0, 1], A, V, Tp, Ip, 0) is not locally finite.
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Particular t-algebras

So we obviously have the following results.

Proposition
The Gédel-algebra ([0, 1], A, V, Tg, Ig,0) is locally finite.

Proposition

The product-algebra ([0, 1], A, V, Tp, Ip, 0) is not locally finite.

Proposition

The tukasiewicz-algebra ([0, 1], A, V, Ty, I.,0) is not locally finite,
but it is rationally locally finite.
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t-Algebras

And for the general case of a continuous t-norm these results can
be combined as previously. So one e.g. gets:
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t-Algebras

And for the general case of a continuous t-norm these results can
be combined as previously. So one e.g. gets:

Proposition

Suppose that T is a continuous t-norm with an ordinal sum
representation which has only tukasiewicz-isomorphic summands.
If all the order isomorphisms in the T-summands map rationals to
rationals then the t-algebra ([0, 1],A,V, T, I1,0) rationally locally
finite.
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Negation enriched t-Monoids

We consider the standard negation functions Nt (x) = I+(x, 0).
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Negation enriched t-Monoids

We consider the standard negation functions Nt (x) = I+(x, 0).
From Np(0) = Ng(0) =1 and Np(x) = Ng(x) =0 for all x # 0
one immediately has:

Proposition

The negation-extended Gédel monoid ([0, 1], Tg, Ng, 1) is locally
finite.

Proposition

| \

The negation-extended product monoid ([0, 1], Tp, Np,1) is neither
locally finite nor rationally locally finite.

v
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Negation enriched t-Monoids

Again the Lukasiewicz case behaves different. Remember
N (x)=1-—x.
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Negation enriched t-Monoids

Again the Lukasiewicz case behaves different. Remember
N (x)=1-—x.

Proposition

The negation-extended t-norm monoid ([0, 1], Ty, Ni, 1) is not
locally finite, but it is rationally locally finite.
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Negation enriched t-Monoids

Again the Lukasiewicz case behaves different. Remember
N (x)=1-—x.

Proposition

The negation-extended t-norm monoid ([0, 1], Ty, Ni, 1) is not
locally finite, but it is rationally locally finite.

Proof: In this structure we can define the t-conorm S| . Hence this
structure is not locally finite. That it is rationally locally finite
follows as previously.
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Negation enriched t-Monoids

Consider now again a continuous t-norm T with ordinal sum
representation T =} .,([/i, ri], Ti, ¢i). Then the representation
theorem for /7 yields two cases.
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Negation enriched t-Monoids

Consider now again a continuous t-norm T with ordinal sum
representation T =} .,([/i, ri], Ti,¢i). Then the representation
theorem for /7 yields two cases.

(i) If there is no (first) summand of the form ([0, ri], T;, ¢;) then
one never has the situation that x,0 € [/;, rj] for some i € /, and
hence has Nt (x) = Ig(x,0) = Ng(x) for all x. So the additional
operation Ng cannot change the local finiteness behavior of the
t-norm based monoid ([0, 1], T, 1).
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Negation enriched t-Monoids

Consider now again a continuous t-norm T with ordinal sum
representation T =} .,([/i, ri], Ti,¢i). Then the representation
theorem for /7 yields two cases.

(i) If there is no (first) summand of the form ([0, ri], T;, ¢;) then
one never has the situation that x,0 € [/;, rj] for some i € /, and
hence has Nt (x) = Ig(x,0) = Ng(x) for all x. So the additional
operation Ng cannot change the local finiteness behavior of the
t-norm based monoid ([0, 1], T, 1).

(ii) But if there is a first summand of the form ([0, ro], To, ¢0)
then N7 is inside [0, ro] the suitable isomorphic form of N,

ie. Nr = gogl o Nt,, and is Ng outside [0, rg].
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Negation enriched t-Monoids

These considerations easily yield the following result.

Proposition

Let T be continuous without product-isomorphic summands in the
ordinal sum representation T =Y .,([li, ri], T, ¢i)-
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Negation enriched t-Monoids

These considerations easily yield the following result.

Proposition

Let T be continuous without product-isomorphic summands in the
ordinal sum representation T =Y .. ,([li, ri], Ti, ;). If there is a
(first) summand of the form ([0, rp], Ty, o) then the extended
monoid ([0,1], T, Nt,1) is not locally finite, but

(9051<Q) U ([ro, 1] N Q))-locally finite.
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Negation enriched t-Monoids

These considerations easily yield the following result.

Proposition

Let T be continuous without product-isomorphic summands in the
ordinal sum representation T =Y .. ,([li, ri], Ti, ;). If there is a
(first) summand of the form ([0, rp], Ty, o) then the extended
monoid ([0,1], T, Nt,1) is not locally finite, but

(9051<Q) U ([ro, 1] N Q))-locally finite. Otherwise the extended
monoid ([0,1], T, N7,1) has the same local finiteness status as the
“pure” one ([0,1], T, 1).

v
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Negation enriched t-Monoids

Two particular cases seem to be the most interesting ones.
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Negation enriched t-Monoids

Two particular cases seem to be the most interesting ones.

Assume that T =, ,([li, ri], Ti, i) has no product-isomorphic
summands. If there is a (first) summand ([0, ro], TL, o) such that
(o maps rationals to rationals, then the extended monoid

([0,1], T, N, 1) is rationally locally finite, but not locally finite.
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Negation enriched t-Monoids

Two particular cases seem to be the most interesting ones.

Corollary

Assume that T =, ,([li, ri], Ti, i) has no product-isomorphic
summands. If there is a (first) summand ([0, ro], TL, o) such that
(o maps rationals to rationals, then the extended monoid

([0,1], T, N, 1) is rationally locally finite, but not locally finite.

Corollary

Assume that T =Y _.,([li, ri], Ti, ¢i) has no product-isomorphic
summands. If there is no summand ([0, ro], T, po) then the
extended monoid ([0, 1], T, N1, 1) is locally finite.

A\
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Decidability of t-Norm Based Residuated Logics

If a continuous t-norm T determines a locally finite t-algebra
[0,1]7 = ([0,1], A, V, T, I+,0) then the t-norm based residuated
logic L1 is decidable.
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Decidability of t-Norm Based Residuated Logics

If a continuous t-norm T determines a locally finite t-algebra
[0,1]7 = ([0,1], A, V, T, I+,0) then the t-norm based residuated
logic L1 is decidable.

Proof: If T is continuous then [0, 1]+ determines a subvariety
BL T of the variety BL of all BL-algebras, and this subalgebra is
determined by finitely many additional equations. Therefore L7 is
a finite extension of the finitely axiomatizable logic BL, and the
class of logically valid formulas of Lt is recursively enumerable.
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Decidability of t-Norm Based Residuated Logics

The local finiteness assumption yields that if a formula ¢ of L1 is
not logically valid then it has a finite subalgebra of [0,1] 1 as a
countermodel, hence a finite structure of BL7.
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Decidability of t-Norm Based Residuated Logics

The local finiteness assumption yields that if a formula ¢ of L1 is
not logically valid then it has a finite subalgebra of [0,1] 1 as a
countermodel, hence a finite structure of BL7.

Therefore, because all the finite structures of BL7 can be
generated in a systematic way, i.e., because this class is recursively
enumerable, one gets that also the class of all formulas of L1
which are not logically valid is recursively enumerable. All together
one has the decidability of L.
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Decidability of t-Norm Based Residuated Logics

The local finiteness assumption yields that if a formula ¢ of L1 is
not logically valid then it has a finite subalgebra of [0,1] 1 as a
countermodel, hence a finite structure of BL7.

Therefore, because all the finite structures of BL7 can be
generated in a systematic way, i.e., because this class is recursively
enumerable, one gets that also the class of all formulas of L1
which are not logically valid is recursively enumerable. All together
one has the decidability of L.

Remark: By the previous local finiteness results this result applies
only to the infinite valued Godel logic.
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Decidability of t-Norm Based Residuated Logics

Problem: Might the rational local finiteness provide further
insights?
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Decidability of t-Norm Based Residuated Logics

Problem: Might the rational local finiteness provide further
insights?

One aspect of this problem was considered earlier: a transfer from
rationally locally finite structures over the real unit interval to local
finite structures over the rational unit interval.
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Decidability of t-Norm Based Residuated Logics

Problem: Might the rational local finiteness provide further
insights?

One aspect of this problem was considered earlier: a transfer from
rationally locally finite structures over the real unit interval to local
finite structures over the rational unit interval.

So one should have, on the one hand side, a rationally finite
t-algebra [0, 1] such that the rational unit interval Q N[0, 1] is
closed under the t-norm T and the corresponding residuation
operation /1. But looking for a decidability result for L+ one
should also have, on the other hand side, that the Q-restriction
[0,1]71Q of the t-algebra [0, 1]t is also a characteristic matrix for
the logic L.
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Decidability of t-Norm Based Residuated Logics

This last mentioned condition seems to be the most restrictive
here. To the best of the author’s knowledge one has only the
following sufficient condition.

Proposition

Assume that the t-algebra [0, 1] has the property that T and It
map rationals to rationals. If T as well as |+ are continuous
functions then the Q-restriction [0,1]7]Q of [0,1] 1 is also a
characteristic matrix for the logic L.
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Decidability of t-Norm Based Residuated Logics

This last mentioned condition seems to be the most restrictive
here. To the best of the author’s knowledge one has only the
following sufficient condition.

Proposition

Assume that the t-algebra [0, 1] has the property that T and It
map rationals to rationals. If T as well as |+ are continuous
functions then the Q-restriction [0,1]7]Q of [0,1] 1 is also a
characteristic matrix for the logic L.

Remark: Again, caused by the continuity assumption, this result
applies only to one case: the infinite-valued tukasiewicz logic.
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Concluding Remarks

(1) Missing is a discussion of t-norms which are only left
continuous. But this problem seems to be strongly linked to the
lack of a sufficiently well developed structure theory for left
continuous t-norms.
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Concluding Remarks

(1) Missing is a discussion of t-norms which are only left
continuous. But this problem seems to be strongly linked to the
lack of a sufficiently well developed structure theory for left
continuous t-norms.

Partial results are possible.
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Concluding Remarks

(1) Missing is a discussion of t-norms which are only left
continuous. But this problem seems to be strongly linked to the
lack of a sufficiently well developed structure theory for left
continuous t-norms.

Partial results are possible.

Proposition

The t-norm monoid ([0,1], Tam, 1) based upon the nilpotent
minimum

min{x,y}, ifu+v>1

0 otherwise

TnM(Xay) = {

is locally finite, as is the corresponding bimonoid.
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Concluding Remarks

(2) Problem:
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Concluding Remarks

(2) Problem: For a continuous t-norm T the conditions

@ T has an ordinal sum representation without
product-isomorphic summands,
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Concluding Remarks

(2) Problem: For a continuous t-norm T the conditions
@ T has an ordinal sum representation without
product-isomorphic summands,
e for each summand ([/k, rk], T, pk) the interval [1 — rg, 1 — /]
does not overlap with any domain interval [/;, r;] for a
summand ([/j, ri], To, ¢i)
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Concluding Remarks

(2) Problem: For a continuous t-norm T the conditions

@ T has an ordinal sum representation without
product-isomorphic summands,

e for each summand ([/k, rk], T, pk) the interval [1 — rg, 1 — /]
does not overlap with any domain interval [/;, r;] for a
summand ([/j, ri], To, ¢i)

are sufficient for the local finiteness of the bimonoid
([0,1], T, S57,1,0).
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Concluding Remarks

(2) Problem: For a continuous t-norm T the conditions

@ T has an ordinal sum representation without
product-isomorphic summands,

e for each summand ([/k, rk], T, pk) the interval [1 — rg, 1 — /]
does not overlap with any domain interval [/;, r;] for a
summand ([/j, ri], To, ¢i)

are sufficient for the local finiteness of the bimonoid
([0,1], T, S57,1,0).

Are they also necessary? Or does one, in the case of overlapping
domain squares for Lukasiewicz t-norm and t-conorm summands,
also need e.g. the rationality of the overlap corners?

Siegfried Gottwald Local and Relative Local Finiteness in t-Norm Based Structure



Concluding Remarks

(3) What we also did was to consider only bimonoids of the form
([07 1]7 T7 STv 17 0)
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Concluding Remarks

(3) What we also did was to consider only bimonoids of the form
([07 1]7 T, STa 1, 0)

Hence we combined always a t-norm with its standard dual.

So there remain to be discussed e.g. the following two

generalizations:
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Concluding Remarks

(3) What we also did was to consider only bimonoids of the form
([07 1]7 T, STa 1, 0)

Hence we combined always a t-norm with its standard dual.

So there remain to be discussed e.g. the following two

generalizations:
@ use some other dual conorm besides the standard one;

@ consider bimonoids of the form ([0,1], T, S, 1,0) with an
arbitrary t-norm T and an arbitrary t-conorm §S.
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Concluding Remarks

(3) What we also did was to consider only bimonoids of the form
([0,1], T,57,1,0).
Hence we combined always a t-norm with its standard dual.
So there remain to be discussed e.g. the following two
generalizations:

@ use some other dual conorm besides the standard one;

@ consider bimonoids of the form ([0,1], T, S, 1,0) with an
arbitrary t-norm T and an arbitrary t-conorm §S.

Thank You
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