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two-point resolution

● two mutually incoherent point sources

● imaging – linear system

● PSF – point spread function

● unlimited resources = unlimited resolution for any PSF

● what can be achieved with limited resources?

s

standard resolution super-resolution



efficient unbiased estimators

CCD detection – CRLB (classical limit)

● separations well below the R.L. are difficult to estimate

● super-resolution is expensive

Gaussian PSF



efficient unbiased estimators ...

optimal detection – ”quantum” CRLB (quantum limit)

● two-point resolution is reduced to localization (PALM, astrometry)

● super-resolution is easy, at least in theory ...

M. Tsang et al. PRX 2016



biased estimation

● CRLB applies to unbiased estimators only

● biased estimators can (significantly) violate the CRLB

● consider estimating the separation from a single detection event



biased estimation...

● this produces biased estimates

● quantum limit is violated for almost all separations!

n = 1 , σ = 1



biased estimation...

● meaningful estimators have finite error at 

● biased estimators should be considered

● no simple bounds on biased estimators available

● many copies = negligible bias (except for           )

● hence analysis based on the CRLB makes sense in this limit

s= 0

s≈ 0



optimal measurements

impulse response 

true state

small separations                 (for generalization, see Zdenek's talk)

        eigenbasis

ρ ∝|ψ1 ⟩⟨ ψ1|+ |ψ2 ⟩ ⟨ ψ2| , |ψ1,2 ⟩ = e±i P s/2|ψ ⟩

ψ(x) = ⟨ x|ψ⟩

|ψ+ ⟩ ∝ |ψ1 ⟩ + |ψ2 ⟩ ≈|ψ⟩

|ψ− ⟩ ∝ |ψ1 ⟩ −|ψ2 ⟩ ≈
P|ψ⟩

√F

F ≈ ⟨ψ|P2|ψ⟩

s ≪ 1

momentum

Helstrom: Quantum detection and estimation theory 1976



optimal measurements...

optimal measurement: 2-member POVM

projections on 

● impulse response

● response derivative

example: Gaussian PSF

● impulse response  

● response derivative 

⟨ x|ψ− ⟩ =
ψ(x)'

√F

⟨ x|ψ+ ⟩ = ψ(x)

ψ(x) ∝ H0( x)

ψ '(x) ∝ H1(x)



experimental setup

● signal preparation – DMD

● projection – cross-correlation

● detection – EMCCD

● data – read from two pixels in the Fourier plane



results: Gaussian and sinc PSFs

 



results...



conclusions

● resolution of two mutually incoherent point sources was discussed

● optimal 2-channel measurement attaining the quantum CRLB in the 

super-resolution regime was derived

● this measurement was experimentally realized with a digital holography 

setup

● estimator variances 12dB below the classical limit were observed
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